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ABSTRACT 

Details about an investigation into the nature of the 
mathematics curriculum at the elementary level and suggestions about 
ways to improve existing programs are the focus of this material. It 
is noted that there appeared to be a great gulf between the type of 
instruction typically provided and the type viewed as tha best 
possible to provide, with much that was available not used by most 
teachers. It is felt that ways were found in which teachers and 
others could work together in developing activities and materials, 
and that better diagnostic tools were found as well. Further, ways 
that modest resources could be expended to effect noticeable 
improvements seemed to have been found. This document is presented 
with the intent of sharing experiences with others who might be 
interested in the elementary school mathematics experience. The bulk 
of the material consists of appendices which individually detail 
aspects of the exploration. (MP) 
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EXPLORATIONS INTO HAYS OF IMPROVING THE 
ELEMENTARY MATHEMATICS LEARNING EXPERIENCE* 

Max S. Bell 
The University of Chicago 
February, 1976 

Preface 

The explorations discussed in this report were proposed in the early 
spring of 1974 and supported in May of 1974 with a relatively small grant 
from the National Science Foundation. By then my own concerns had shifted 
from the secondary school to the elementary school mathematics experience 
for several reasons that bear on these explorations: First, serious defi- 
ciencies in school mathematics education were apparent from test evidence 
and from Che many adults all too willing to proclaim their inability to 
use mathematics, even in simple everyday affairs. Second, in working with 
secondary schools it became apparent that large numbers of students enter- 
ing high school had negligible understanding of mathematics, or arithmetic 
even, which clearly indicated flaws in elementary school mathematics. (For 
example, 80 to 90 percent of ninth graders in some high schools I worked 
with were assigned to remedial mathematics classes and the average nation- 
wide is perhaps 40 to 50 percent.) Third, most, of the otherwise very ca- 
pable elementary school teachers and prospective teachers I had begun to 
work with were almost completely lacking in confidence with respect to 
mathematics and its teaching. Fourth, observation of "mathematics" les- 
sons in elementary school classrooiu, indicated that in most of them only 
calculation was taught, usually by r< te from textbooks and workbooks. 
That nearly always meant a narrow *...d symbol oriented mathematics exper- 
ience (even in the primary grades) and one with few links to children's 
lives. This seemed contrary to the best thinking about what would be 
appropriate for early learning of mt theraatics. 

*Much of the work reported on here vas supported by grant number PES 74- 
18938 from the National Science Foundation. The present report expands 
on a preliminary report submitted to NSF in November 1975. 
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A survey of the output from various innovative mathematics and sci- 
ence curriculum efforts (Nuffield, Oienes, USMES, etc.) turned up a variety 
of nice materials for this or that specific purpose. But it appeared to 
me that even the most interesting of these alternate materials might he 
difficult to use in ordinary classroooms, since they often cover only 
fragments of a normal year of work, or require special knowledge few 
teachers have, or special equipment or arrangements that few classrooms 
have, or special planning and creation of new materials for which few 
teachers have time. Published opinion frequently cited Piagetian ideas 
and advocated more variety in the mathematics taught, more activities, 
and better ties to children's experience. But too little of this sort of 
discussion seemed informed by first hand knowledge about the realities of 
the school situations in which most teachers work. In short, the gulf 
between what was available and what was used seemed quite wide, and the 
gulf between what was said to be the best sort of early mathematics learning 
experience and the actuality seemed equally wide. 

Given such observations, it seemed important to try to gain a better 
understanding of the usual elementary school mathematics experience. It 
seemed that a good start might he to focus on that experience in the public 
and private elementary schools of my own compact and well defined Chicago 
neighborhood. In addition to better understanding, I hoped that such an 
inquiry might locate some threshold not impossibly above present practice 
where the addition of relatively modest resources could achieve substantial 
improvements. I also wanted to see if school people themselves could be 
involved in fruitful development efforts. Such notions were the basis for 
the explorations that have led to tills report. 

At this writing, some two yec."S after proposing these explorations, 
it seems to me that they did succCv d in some of their more modest 
aspirations and that a report on l hem might clarify some issues and raise 
some questions for further investigation. We did find ways in which 
teachers and others can work together to generate excellent activities and 
materials and, in the process, most participants gained a broader perspec- 
tive with respect to mathematics and its teaching. We did find efficient 
diagnostic procedures and preliminary investigations using them have in- 
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dicated where some of the major learning difficulties lie. I believe we 
went a long way toward clarification of many of the Issues that surround 
possible classroom use of small calculators. I believe we found ways 
that modest resources can be expended in a local school system with high 
likelihood of effecting noticeable improvements. (But zero addition of 
resources won't do, and patience and persistence over at lctst several 
years would be required.) 

This report is intended to share our tentative findings with others 
who may be Interested in the elementary school mathematics experience. 
The report elaborates upon our explorations in four progressively more 
detailed levels. Section I gives some background for our efforts and 
a list of the explorations undertaken. Section II attempts an assessment 
of results, proposes some additional explorations and lines of development, 
and comments briefly on the place of such work as undertaken here in 
research efforts in mathematics education. Section III discusses each 
investigation in some detail. Finally, a series of appendices provides 
documentation or more extended commentary with respect to some of 

the explorations.* 

My debt to local teachers and principals will be obvious to any reader 
of this report and is gratefully acknowledged. Similiarly, the considerable 
contribution of such co-workers as Pamela Ames, Warren Crown, Mary Page, 
Marilyn Thompson, and Dale Underwood is acknowledged. University of Chicago 
people helped in various ways and as usual the help of a fine secretary, 
Dana Gregorich, eased many difficulties. 



*Hot all who read this report will have the appendices. Within limits of 
availablility I will respond to requests for any of them. 
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I. Introduction to the Project: 



1.1 Some background remarks 

As I began in 1974 to sort out possible ways to inquire into the ear- 
ly mathematics learning experience, such paradoxes and problems as these 
seemed amenable to preliminary exploration with only modest resources: 

(1) Teachers and principals are closest to school problems, yet they are 
very infrequently consulted about what might help in coping with 
those problems. I could imagine ways to achieve such consultation 
and get useful information from it. 

(2) In spite of considerable group achievement testing in schools (usually 
of calculation skills), we know little about what actual mathematical 
concepts result from the school experience. We even have little de- 
tail about patterns of development of specific calculation skills. 
(Most testing gives only percentile or "grade level" scores but iden- 
tical scores can come from quite a variety of hits and misses within 

a test.) Individual clinical testing seemed a way to get more detailed 
information. 

(3) As I began to consider this project it was already obvious that hand- 
held electronic calculators would become very widespread in the society 
outside of schools, perhaps even to the extent that most people in 
their common lives would have little use for the work on calculation 
algorithms that so dominate the elementary school mathematics exper- 
ience. Issues arising from that, plus possibilities for using calcu- 
lators in teaching seemed amenable to preliminary exploration. 

(4) Although teachers are the key to doing anything in school, the fact 
that so many of them have a quite uncertain grasp of mathematics and 
its possibilities makes genuine change in elementary school mathema- 
tics difficult. Although this is an enormous problem, it seemed es- 
sential to seek simple ways te make some headway toward its solution. 

(5) The very limited range of matin matics concepts dealt with in actual 
elementary school classrooms pi us the remoteness of that learning 
experience from the common lif<- experience of children made md want 
to explore with teachers possible ways of broadening the experience 
along the lines suggested in "What Does 'Everyman 1 Really Need from 
School Mathematics?" ( The Mathematics Teacher , March 1974). 

In such areas as these T found few materials well enough developed to 
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justify controlled experiments or strenuous efforts on behalf of any 
particular solution. Hence the word "explorations 11 in the project title. 

1.2 A listing of the explorations 

In retrospect, that initial list of things in need of exploration 
seems to have been a pretty good one, though other Issues intruded and 
though it led to somewhat scattered efforts. I and five part-time con- 
sultants (Pamela Ames, Warren Crown, Mary Page, Marilyn Thompson, and 
Dale Underwood) found ways to engage each of the issues at least in pre- 
liminary ways. This resulted in a number of small scale investigations, 
as follows i 

1 # We engaged in a number of useful conversations with school adminis- 
trators and with teachers. 

2. We obtained detailed written responses to a questionnaire about the 
elementary mathematics experience from some 39 Hyde Park teachers. 

3. We sponsored a number of classroom trials of calculators, with teach- 
ers supplying impressionistic and anecdotal reports on student re- 
sponses to the calculators. 

4. We tried in several ways to bring about more effective cooperation 
between the local Teacher Center and the University in increasing 
services to local teachers. 

.5. We completed development and pilot trials of two clinical instruments 
to assess children's grasp of basic mathematical concepts and started 
a diagnostic and remedial pilot project at one public school which 
will continue in this school year. 

6. We made it easy for local teachers to audit our regular courses at 
the University of Chicago on behalf of activity-oriented elementary 
school mathematics teaching, and some took advantage of this. 

7. We conducted trials of several models for providing expert consultant 
help to teachers. One of the*, has resulted in a close working rela- 
tionship with a local public school which will continue over this next 
year. 

8. We conducted a series of quite productive working groups that included 
teachers (with released time ai,d modest stipends) along with myself, 
the part-time consultants, and others from the University. These 
working groups specified a large number of non-bookish activities 
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and experiences to help children acquire a good intuitive feeling 
about some basic mathematical ideas. (The sessions specified ac- 
tivities for young children with respect to measure, probability, 
relations, graphing, estimation, variables, logic, and non-compu- 
tational uses of numbers.) 
9. We took a fairly close look at typical textbook materials that tend 
to dominate the school experience. 

As noted earlier, these inquiries are far from constituting pre- 
cise experiments. Knowledgeable people who are also Rood observers have 
tried a variety of things and looked critically at the results, which 
seems an essential beginning in understanding the early mathematics learn- 
ing experience. The explorations have led us to a much clearer view of 
the actual situation in elementary schooling (at least locally) and a 
correspondingly clearer view of the problems that need solving. 

The year-long encounter with schools has also tempered my initial 
optimism considerably, especially with respect to the prospects for rapid 
change. Yet I believe that flexible, pragmatic, and patient work over 
several years could continue to illuminate the problems and, perhaps, pro- 
duce an existence proof that modest resources carefully expended can lead 
schools to a very considerable improvement in the early school mathematics 
learning experience. 
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II, Overall Assessment and Some Possible Next Steps 

2.1 An assessment of the project 

The NSF funded part of the project ran for about sixteen months, 
(It had been projected for six mdnths but this proved quite unrealistic,) 
In that time we undertook a broad range of initiatives, as listed 
above, A description of each of these is in Part III, with more detail 
on some of them in the appendices. Briefly, I can identify at least 
these tangible products from the explorations: 

(1) Some data about how elementary school teachers view the teaching 

of mathematics, some data about the teachers themselves, and a vari- 
ety of suggestions about what would help them in their teaching of 
mathematics, (See Appendix D) 

<{2) Quite a few non-computational classroom activities specified by a 

working group of teachers and project people under the title "Every- 
man Mathematics Development Group, 1 ' I believe these give us an ex- 
cellent start in some important but neglected areas. (See Appendix F) 

(3) Some clinical instruments for investigating children's knowledge of 
numeration and place value and the role of these in computation (See 
Appendix C) We have also attempted a novel use of a commercial 
written diagnostic test, A simple instrument for assessing children's 
awareness of some non-computational mathematics was also devised and 
tested. Again, these seem to me promising beginnings in neglected 
areas, 

(4) Increased knowledge about some of the effects of the usual school 
experience,* 

(5) We have feedback from many informal trials of calculators in the class- 
room that can now form the basis for more pointed studies and curricu- 
lum development initiatives, (See Appendices A and B) 

*For example, cooperation with one local school in its efforts to improve 
mathematics in the upper grades has confirmed anew tha.t many older students 
have rather astonishing and pervasive deficits in their understanding of 
basic concepts. As one instance, nu ny students who are able to compute the 
answers to the following problems cannot predict in advance of calculation 
which will give the largest and which the smallest answers: 345 - 34,5, 
3.45 + 345, 34 + ,0345, ,345 - ,0345. 
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(6) A certain number of local teachers are better trained in mathematics 
and its teaching from attending our courses or from participation in 
the M everyinan M working groups. 

It also seems fair to identify at least these more or less intangible 
results: 

(1) I and my co-workers have considerably more familiarity with the ele- 
mentary school mathematics experience as experienced by most youngsters. 

(2) VJe have increased appreciation of the difficulties under which ele- 
mentary school "hers work along with the conviction that teachers 
are given far too little practical help or guidance. 

(3) We have enhanced links to the localteacher and administrator corps 
which should stand us in good stead in any continuation of such inquiries 
as these. 

(4) I have identified a number o£ very capable people willing to work on 
such problems as undertaken in this project. The fact that some of the 
best of these can make a contribution on a consultant or part-time 
basis helps solve certain problems in such a University as this 

in working on practical school problems. 

Some project activities are continuing by exploiting materials provided 
by the grant, momentum from grant supported activities, and volunteer 
efforts. These continuing efforts include the following: 

(1) Consultation and help for one local public school in its efforts to 

improve the fourth through eighth grade mathematics experience by 
departmentalizing it and set^Jng up specially equipped rooms. 

(2) A pilot diagnostic and remedial project in the same school which 
has parents working with theii own children with concrete materials 
and a "script 11 that we provide . 

(3) Some revision of the output i om the everyman activities working group. 

(4) Some additional trials with c lculators in classrooms. 

The initial proposal for support of this proiect spoke of a search 
for ''leverage points 11 where relatively modest inputs might bring about 
substantial improvements. It now Stems to me that the most likely such 
leverage points are these: 

(1) Work directed at materials that will help teachers make the early 

school experience richer in nia thematic a 1 possibilities, more concrete, 
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and more "playful. 11 

(2) Work on more accurate assessment of the actual school experience and 
its results, prohably through clinical work with children in school 
settings . 

(3) Providing more practical help for teachers in the form of powerful 
in-service training opportunities and help in implementing those 
materials just spoken of to make the mathematics experience richer, 
more concrete, and aiore playful. 

Developing a varie:y of ways to provide leverage at such points 
seems to me the best wsy to exploit what has been learned from our explora- 
tions so far. Some possible next steps are outlined in the section that 
follows. 

2.2 A tentative proposal for some further explorations 

I believe that wu have achieved some interesting and non-trivial 
results. But promising insights and leads from such informal work often 
remain undeveloped. Given our progress so far, I believe work of this 
sort could profitably continue for at least: several more years. That is, 
I would like to see through to completion some sequences that begin with 
informal exploratory work, develop the results into school usable procedures, 
test and further develop those through carefully monitercd work in classrooms, 
and, for some of these fully developed procedures, end with some well 
designed treatment and effects experiments. If such further work could be 
supported, I would propose about a three year extension of present efforts, 
perhaps with roughly the following features: 

1. We would attempt to map more pro* isely the actual results of the present 
early mathematics experience. Since doing that involves a variety of 
diagnostic efforts, we would al.»* experiment with various ways of interven- 
ing with remedial procedures. K>r example: 

a» A number of teachers would bo asked to *lo some individual clinical 

testing of their own students, using instruments and procedures already 
developed in this project. Training would be offered and substitutes 
provided while teachers worked with their pupils. Theru would be certain 
controls for uniformity and quality. By pooling and analyzing the results 
we should get a pretty good picture of the actual results of schooling 
over several grade levels. Results could also he used by the teachers 
q themselves and we would devi > \ means of assessing to what extent this 
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serves to sensitize teachers to problem areas and to what extent they 
make use of the information thus gained. 

b. Given promising result3 from the pilot project now in progress that 
helps parents help their youngsters in specific ways, a carefully 
controlled test of this method of intervention would be conducted. 

c. A small working group would explore the potential of using calculators 

in various ways for diagnosis of difficulties with number and computation 
concepts . 

Working groups would be formed to develop materials and activities in 
support of a richer and more concrete early mathematics experience. 

a. Several of us (probably Ames, Bell, Crown) would revise some of the 
materials developed by the "Everyman Mathematics Development Group. 11 
Me would put them in a couple of formats intended for easy use by 
teachers with a minimum of explanation or training required. We would 
then arrange for classroom trial and feedback. 

b. Working groups would develop overman activities similiar to those at 
hand but in additional areas. 

c. In perhaps the most ambitious curriculum development effort of an 
extended project, a carefully chosen working group would attempt 
a thorough overhaul of the primary grades calculation curiculum. 
This would be an elaboration of the alternative approach suggested 
at the end of Appendix B and it would greatly enrich the numerical 
and computational content of grades 1-3, with considerable concrete 
work and using calculators as teaching aids in developing concepts. 
I would help teach the first drafts of such materials and several 
teachers would with a lag of .1 few weeks for revision then try out 
a first revision of them. These first efforts would aim to establish 
existence and practicality cf alternative approaches; further develop- 
ment would naturally depend on whether or not that were successful. 
There would be careful evaluation, both to protect the youngsters 
involved and as a check on leasibility. 

. We would attempt to find practical ways to increase the mathematical 
expertness of average teachers. 

a. In cooperation with local schools and with the Hyde Park Teacher 
Center, several careful trials would be conducted of "Edith Biggs- 
type 11 workshops, (t. Biggs, Freedom to Learn , Ch. 6) A typdcnl 
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workshop would begin Friday noon (in the in-service time already 
provided periodically for local public schools). It would continue 
into that evening and for most of the next day with intensive work 
on single themes. Specific materials and suggestions for classroom 
work would be offered participating teachers. Over about a two month 
period there would be various sorts of consultation and help offered 
these teachers. A secoi -1 iday noon through Saturday workshop would 
then be held. It would j ldude some activities desighed to assess 
the effectiveness of this form of in-service activity. (If such 
efforts proved to be effe tive, then they could be duplicated by 
many people in many places.) 
b. As we identify especially competent people through our work with 
teachers in a continued project, we would try in a variety of ways 
to help them develop further. We would do this both to make them 
more effective in the project itself hnd also to experiment with 
ways of increasing over the long run the presently very meager 
supply of mathematical expertness resident in school staffs. 
Tuition scholarships for work in our courses and in mathematics 
courses, grancs for special projects, pairing with especially able 
staff members for certain tasks are some of the leadership development 
things that might be provided. As such in-school leadership emerges 
and is further cultivated a small working group including some local 
administrators would \*ork out ways to best exploit this talent. 

These probable dii.ections of a continued project do not exhaust the 
possibilities but they are illustrative of the things we think might now 
be accomplished. Such exploration*, would continue in much the same way 
as those now completed, except that I would free myself to spend much more 
time in them than has been possibL up to now. I would continue to rely 
heavily on gifted part-time consultants* It would remain a small scale and 
low key effort, with a yearly budget of under $50,000. A small local 
advisory committee would be appointed, as well as a neutral outside observor/ 
evaluator . 

Some mipht think that' the project's base in a small local system* 
makes it marginal for national funding but T would hope that- such a 
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misconception would be easily dispelled. The nature of the inquiries makes 
and actual school system laboratory essential, but the results should have 
wide applicability. (In fact, the school development base should assure 
increased relevance to other settings rather than the reverse.) This is 
certainly true of specific materials and procedures; for example, the 
clinical work and the everyman activities. I would also he true of most 
of the things that might be developed in a continued project; for example, 
alternatives that may be developed for the primary school calculation 
curriculum. Furthermore, I believe that any models we develop for fruitful 
school-university interaction in school improvement should also have 
wider significance than to merely the local situation. Certainly there 
is far too little such interaction at present. 

Some might object to the lack of "precision 11 and controls in some of the 
explorations reported here, but relatively loose mehodology is an 
appropriate consequence of the uncertain state of knowledge at present 
with respect to early mathematical learning. Some comments on how to 
proceed in the face of our relative ignorance are in the section that 
follows. 
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2,3 Some remarks on "exploration" and "research" in mathematics education 

It may be helpful to attempt comment here on how explorations such 
as those discussed herein may fit into other scholarly efforts to better 
understand schooling. It must first be noted that at present most "re- 
search" about mathematics learning is characterized by "no significant 
difference" results from tests of this as against that curriculum segment 
or teaching method. Many of these tests are limited studies for Ph.D. 
theses and many are poorly set up with respect to such basic matters as 
sampling and controls. There exist a few careful studies that can serve 
as models for some true experiments in mathematics education, but it seems 
to me that there are at least two fundamental barriers to conducting rel- 
atively precise treatment-and-ef fects research. The most obvious barrier 
is the scarcity of attractive treatments; that is, there are few curricu- 
lum and pedagogical alternatives to normal practice both well enough de- 
veloped and promising enough to justify precise testing. A second and 
more fundamental barrier is that our understanding of mathematics learning 
is so incomplete that we hardly know what to treat. Some elementary school 
teachers are very effective in teaching mathematics but too many are not. 
Some children learn mathematics very well from a given set of experiences, 
but many of their classmates with the same classroom exposure do not. 
Whether for teachers or for youngsters, our knowledge about why some suc- 
ceed and some do not is very far from precise, and relatively little effort 
is spent on increasing that particular knowledge, compared, say, to the 
considerable effort expended on multiplying printed treatments of surface 
symptoms. To risk an analogy, it if, as if severe abdominal pains were epi- 
demic in a certain population and v didn't know either for the group or 
for individuals whether to treat £c ^ indigestion, food poisoning, ulcers, 
or appendicitis.* 

*To extend this analogy, at even moi e risk, a typical mathematics education 
sort of response to the abdominal p 'ins might be for one doctor to be sold 
on treatment with Valium coupled with 100 pushups per day and another to 
adopt Miltown with 75 situps per day. Kach would point to the survivors as 
evidence of efficacy of the treatment, and someone would get a doctorate with 
a "no significant difference" finding. 
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In this situation it has seemed to me that there should be more 
stress on close observation, shrewd trial and error, and development ac- 
tivities by mathematicians and mathematics educators working in school 
settings with school people. This is . not common in the United States but 
some quite intriguing results have come from Soviet efforts of that sort. 
(For example, see Kilpatrick, Wirszup, et. al. , editors, Soviet Studies 
in the Psychology of Learning and Teaching of Mathematics , SMSG.) For 
such work to be most effective, schools are needed both as laboratories 
and for the insights from first hand experience that many teachers can 
provide. Knowledgeable and committed university people are needed for 
their expertness in subject matter, for their disposition to survey pos- 
sibly relevant literature and consult experts in various disciplines, and, 
not least, for the fact that they have time and resources usually not 
available to school people. 

I do not, of course, believe that such explorations are the only 
things appropriately to be done on behalf of improving the early school 
mathematics experience. I believe that in a few areas we can already 
move from trial and error to carefully observed (but small scale) clini- 
cal trials of specific things (for example, our diagnostic-remedial ef- 
forts with repsect to place value now in progress in a local school). 
Closely observed trials of excellent curriculum materials seem important. 
Where these clinical efforts and small scale trials are promising, true 
experiments on a larger scale might follow. 
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III. Reports on the Explorations 



The paragraphs that follow correspond to the small scale investiga- 
tions that were listed in Part I of this report. More detail 
about some of these projects is to be found in the appendices. 

3.1 Conversations with teachers and principals 

First it must be said that it is enormously helpful in generating 
useful conversations to have even a few hundred dollars of funding that 
can be flexibly used. For one thing the responsibility for using such 
funds has caused myself and those who worked with me to think about what 
might be done and to take the time to ask a number of people for advice. 
For another, having something tangible to offer, no matter how modest, is 
a novelty when university people talk to school people. (Usually we are 
somewhat exploitive—wanting a locus for research, help with teacher 
training, tuition for our courses, or whatever.) Third, being able to 
back up the trial of good ideas lets a conversation proceed fairly freely 
without constantly coming up against money barriers. 

Local administrators and teachers are more than willing to give time 
and thought to considering what might be done to improve the school ex- 
perience of youngsters. Furthermore, far from the stereotype sometimes 
presented of bureaucratic and uncaring principals and harassed and neglect- 
ful teachers the level of concern and willingness to consider new alterna- 
tives is remarkably high. Some school principals and teachers are very 
astute and insightful observers. The fact that (especially in the public 
schools) both principals and teacher.! foci frustrated by countless things 
beyond their control does not lessen the level of concern nor their will- 
ingness to try to overcome the handicaps that they work under. 

The yield in information and i I ^as from these conversations, which 
I regard as considerable, can at mote be implicit in the summaries 
that follow. In addition to that, inch good will and 

many useful contacts have been gener ited by these conversations that will 
bp verv helpful as we follow up on these exploratory efforts. Of the 
6 public elementary schools in Hyde Park an excellent day-by-day working 
relationship has been established with one principal and many of bis 
staff; an excellent foundation for farther work has been established with two 
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other principals; we have friendly but not close relationships with two 
additional public school principals; we have not worked with one princi- 
pal. Of the private schools, one teacher who i-zorked with us closely and 
effectively in the winter quarter is the new elementary grades principal 
at a local private school; a Laboratory School assistant principal that 
we hove worked with for some time is now director of another local private 
school; the local Catholic parochial school principal has been more than 
cooperative and helpful and has given released time to a number of her 
staff people for work here. We also have links to all Hyde Park schools ex- 
cept one through teachers we have worked with during the year. 

In sum, the informal conversation and consultation phase of the pro- 
ject has been productive and provides a sound base for future work. 

3.2 A questionaire about the school mathematics experience 

We learned (by administering it) that our questionnaire was more 
detailed and time consuming than need be. Also we asked for responses 
late in the school year when teachers have much else on their minds. 
Nevertheless, we got detailed and very helpful responses from thirty 
teachers from four local public schools and nine teachers from the Labora- 
tory Schools. 

The complete record of responses to the questionnaire is included in 
Appendix D to this report. Here are some of the results: 

1. 87% of the teachers responding used a regular, standard text- 
book series in their classrooms and more than half of them were 
satisfied or enthusiastic about it. 

2 . The best known "alternative* 1 math programs were Madison Project 

(with 18 of the 39 respondeats expressing familiarity with it), 
Nuffield Foundation (17), S>(SG (15), and Distar (14). Even the 
most familiar programs, hoover, were only being actually used 
by 6 teachers. 

3 . The best known manipulative teaching aids were Ctiisenaire Rods 

(35 of the 40 teachers expressed familiarity with the rods.), 
number lines (also 35), ge(,i,oards (34), graph paper (34) • How- 
ever, access to these materials seemed to be minimal with fewer 
than one-third of the teachers who expressed familiarity with a 
material actually having a :ess to if. 
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4. Teachers were asked to rate the helpfulness of eight sorts of 
added resources. All were rated high with little distance be- 
tween them to get a clear-cut consensus on preference. The 
three highest rated were help in diagnosing learning difficul- 
ties, help with youngsters who are discipline problems or need 
extensive individual attention, and help with learning more 
about manipulative and laboratory materials. 

5. This exploratory questionnaire included several questions about 
how teachers feel about teaching various subject matters (read- 
ing, language arts, mathematics, social studies, and science), 
how confident teachers are of their own ability to teach those 
subjects, and how important each is. Reading consistently 
ranked first by a wide margin \*ith respect to enjoyment, self- 
perceived competence in teaching, and importance; language arts 
was consistently second. Mathematics consistently ranked third 
in enjoyment, preference, and self -perceived competence, often 
close to language arts, and in the case of "most important" even 
ahead of it. Science was in last place in all respects, and by 
a wide margin. I find that disturbing in spite of the higher 
ranking of mathematics because I believe that most teachers re- 
sponded with respect to mathematics on the basis of the sort of 
symbol-oriented computational exercises that they are accustomed 
to teaching. I believe that the activity orientation that may 
be associated with the teaching of science should characterize 
the early mathematics learning Experience. Hence the low estate 
of science bodes ill for improvement of mathematics teaching Jn 
the direction that T believi would be most fruitful. 

6. In three places "fn the que< t Jonnnire we asked teachers to write 
down their own ideas about that might be clone to help improve 
the mathematics learning e:.»erience and to put a price tag on 
their ideas. The responses we got were interesting; they are 
included in the full repotu on the questionnaire in Appendix D» 

7. We asked if responding teachers would like to participate in 
certain of our regular summer workshops (audit or for credit). 
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Sixteen said ves and 10 maybe but that summer only 3 teachers 
actually participated. (The questionnaire was given very 
late in the school year after summer plans have largely been 
made.) Similarly, there were 14 yes and 14 maybe responses to 
the possibility of participating in our regular Autumn quarter 
course on activities oriented teaching of elementary school math- 
ematics; 5 teachers did participate to some degree in that course. 
For a similar inquiry about the possibility of joining an Autumn 
quarter discussion group aimed at improvement of the early mathe- 
matics learning experience, 23 teachers said yes and 3 maybe. 
This appears to have been a genuine commitment, for when the oppor- 
tunity was actually offerred (in the winter quarter) a large num- 
ber of teachers responded. 

8. For these teachers, a mean of something over 40 minutes every 
school day is spent teaching mathematics. 

9. Teachers responding had experience ranging of from 1 to 25 years 
with a mean and median experience of about 11 years. This con- 
firms our impressions that we have a stable and experienced teach- 
er corps in this community. 

10. The questionnaire results very much confirmed that these teachers 
have little training for th^ mathematics teaching task. Of the 
39 teachers ]0 have not had a mathematics n methods M course in 
college, 21 have had just one such course. With respect to col- 
lege mathematics courses, 17 have had no such courses, 10 have 
had one, 7 have had 2. It is safe to assume that even those who 
have had one or two courses have not gotten much beyond basic 
school mathematics. 

I have from the first fotlt that this lack of training in 
mathematics is perhaps oui most serious handicap. Most elemen- 
tary teachers simply do not have a basis in mathematical know- 
ledge by which to judge what an improved mathematics experience 
might consist of. Furthermore, they do not have the basic con- 
cepts and language that allows informed conversation with expert 
consultants about the nossibilities. I continue to believe that 
we must, in the words nf Marshall Stone, "stop prating about this 
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obstacle and take counsel is to how to remove it!" (Our exper- 
ience in courses we have developed here indicates that consider- 
able headway on this can be made in a single course of a certain 
kind, and much more in two such courses.) 

3.3 Classroom use of small electronic calculators 

When this project was propose^ in early 1974, a request for $1500 was in 
eluded with the expectation that it would buy about 15 calculators to lend 
for classroom trial. By the time vj\ bought the first calculators they 
were $35 instead of $100 (later thry were $25, now they are $10), and we 
also obtained calculators from ottrnr sources. This meant that we were 1 
able to obtain and lend about 45 calculators and this enabled quite a num- 
ber and quite a variety of classroom trials, ranging from an exploration 
with first grade students to one with Kenwood High School remedial classes. 
Most of the trials were quite informal and although a couple attempted pre- 
and post- testing none was done with anything like "scientific" controls, 
randomization, and the like. This category of exploration was one of ttto 
things that elicited the greatest "grass roots 11 response both in number of 
interested teachers and volume of feedback. Some reports on these infor- 
mal trials are in Appendix A. 

Here are some impressions from those efforts: 

1. Youngsters of all ages and of all ability levels respond imme- 
diately and enthusiastically to the opportunity to work with 
calculators. 

2. Generally speaking it is unnecessary to provide instruction in 
using them. That is, given a half-hour of exploration no one 
failed to figure out how to use their calculator and in some 
cases students had by then already figured out the individual 
quirks of various brands of machines. Students were respectful 
and careful of the calculators and none were either damaged or 
lost in actual classroom use. 

3. The general pattern is that students at first do everything in 
sight on the calculator, but quickly settle into selective use of 
the machines for those problems where they are really most helpful. 

4. At first the novelty of punching buttons to get results was 
sufficient motivation, and indeed the punching of buttons and 
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watching the numbers appear remained a continuing, fascination, 
but fairly quickly students tired of doing only that. They did 
not then become bored with the machines but demande d to be given 
something to do with them. At that point many teachers were 
stuck because the materials they use in class simply do not in- 
clude the stimulating projects and opportunities for fruitful 
use of such tools that the youngsters were demanding. In most 
cases, then, the machines became merely a way for students to 
check their written work and an occasional resource when some 
genuinely interesting problem with computational difficulties 
came up. When these machines catch on in schools they will make 
newly apparent what we must have known all along; namely that 
there is in school work very little that is interesting to d£ 
with calculation! We must do something about that. 
While there was considerable demand for the calculators among 
teachers there was also some apprehension from most teachers and 
downright resistance from others. The apprehension and resis- 
tance seemed to be based on several factors. First was the 
feeling that the calculators would rot the mind by leading either 
to a decline in calculation skills for students with those skills 
or a failure to learn such skills. Akin to this there appears to 
be an underlying feeling that it borders on the immoral to use 
such a machine to do what can be done by hand. Thus in commenting 
on the use of calculators many teachers felt it might be OK to 
have them available for cercain selected problems after about 5th 
grade, when calculation skills were presumably already in hand, 
but not before then and nevjr for continuous use. 

Another source of uneas? in teachers relates to possible dif- 
ficulties in keeping track >f the machines— one teacher flatly 
refused to even consider having them in his classrooms because 
"Those machines have legs!" Thus the first batch of machines 
that I lent to teachers quickly ended up in the school vault for 
fear that they would catch hell if any were lost or broken. The 
calculators only came out of the vault when T explained that part 
of the experiment was to find out whether they would be stolen or 
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broken. As already observed no machines were broken or lost In 
classroom use but the fears of teachers were iustified by the 
fact that a total of 5 machines in several places were stolen by 
breaking into cabinets or pilferage from teacher's desks, appar- 
ently not by the users but by people outside the class who know 
of their existence. 

Another difficulty was the fact that all these machines are 
battery operated and teachers by and large simply couldn't go 
to the trouble or the expense of obtaining replacement batteries. 
Often when I checked back I would learn that students and teachers 
liked the calculators very much but they v;ere in storage because 
of batteries that had run out. This may seem a trivial barrier 
to using such a tool but it confirms che experience that many peo- 
ple have had in advocating various kinds of !I hands on 11 materials, 
Added to other duties it is often just too much trouble for teachers 
to keep such things operating and in proper repair. Iv, addition, 
the non-trivial expense of batteries is very likely to be trouble- 
some since the cost shouldn't come out of the hide of the teacher 
and schools are generally not set up to provide for such things. 
Rechargeable machines might be an answer but that also requires 
extra work on the part of the teacher and having machines plugged 
in makes them less secure than in a cabinet. It is just such ap- 
parently trivial difficulties that have swamped the use of promis- 
ing educational aids in the past. 
6. As noted, many teachers say essentially that calculators are pro- 
bably fine as computational aids but only for someone who has al- 
ready learned computation. But both Mary Page working with first 
grade youngsters and Shery* Garmony working with third graders in 
a remedial summer school situation found that the machines have 
high potential for helping Hds in explorations of numbers. For 
example, young children setm to get a tot of fun out of displaying 
a number on the machine anu asking n friend if he can read it, 
with some competition developing in that respect. Such explora- 
tions could very well inductively teach many things about numbers 
and computation. That is, carefully considered and staged de- 
velopmental work with the ilculatorr, ns one tool might very well 
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pay dividends. (Sec Appendix B.) 

7. As noted before, children very quickly learn from their own 
efforts the peculiarities of each machine and are able to switch 
from one machine to another. But some intriquing inquiries can 
follow from various machine types. For example, Mary Page working 
with first graders found that the type of display of nearly all 
machines (feeding in from the right) appeared to lead to more num- 
ber reversal errors (e.g., reading 86 for 68) than did the Hewlett- 
Packard type of display that records from the left of the machine 
much In the way that numbers are written. Also, wo had only simple 
machines, but wc can imagine that some good pedagogical sequences 
could begin by questions from young s ters about the extra buttons 

on fancier machines: tan x, 10 x , v'x", and so on* We intend to ex- 
plore that possibility. 

8. Even though these machines are now very cheap (which in itself 
will alleviate some of the problems that come from fear of theft 
and breakage) no local school is constderring the purchase of 
then as a routine item although several teachers who borrowed 
our machines last year persuaded their schools to buy calculators 
for their use this year. These machines are sure to 
become very widespread in the world outside school— -one predic- 
tion is that there may be 70-million calculators in use in the U.S. 
by 1980. Hence, schools, probably should take account of them, but 
up to now they seem to intend to ignore them. 

In sum, our preliminary explorations with sw.il 1 calculators indicate 
several things: They generate considerable and durable enthusiasm on the 
part of youngsters — and on the part *>E those teachers who are willing to 
try them at all. There are too few .meaningful problems in school books 
to exploit the calculators and so ti..jy usually end up as electronic answer 
books for conventional computation u >rk. Problems of keeping machines in 
batteries makes them troublesome to teachers* Security and theft is a very 
real problem%apparently not so much Croni users as from outsiders. Young- 
sters appear to develop good judgment about when it is and is not appropriate 
to use the machine, relying on doing simple things in their head, if they 
are able to do so. 
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Some intriguing research questions are opened up by the removal of 
computational harriers and by the potential of the calculator as producer 
of patterns and sequences. We believe some careful clinical trials of 
these possibilities are now in order. 

3.4 Collaboration with the Hyde Park Teacher Curriculum Work Center 

A modest amount of money was included in the initial NSF grant to be 
used by the Teacher Center in ways consistent with the grant. Their re- 
port is included as Appendix E. 

In our opinion the special efforts of the teacher center in providing 
some special workshops and an on-going seminar were well conceived and well 
meant but not very successful in increasing the extent to which local teach- 
ers use the Center. Use of the Center by local teachers is not as heavy 
as we believe its high quality would justify, except among that minority 
of teachers in local schools that also live in this community. That is, 
use of the Center appears to be more a matter of residential proximity 
than teaching in the community. We should continue to work on this, for 
the Center has enormous potential. 

3.5 Development of instruments for clinical work with children 

A graduate student and experienced teacher of teachers, Dale Underwood, 
worked with modest support from the grant through the spring and summer of 
1974 on the problem of assessing children's grasp of place-value, base ten 
numeration, and links of those to computation. Underwood's study of the 
problem was inventive and thorough. He identified some key issues and then 
embodied those in an instrument that takes about a half hour to administer 
in a one-to-one interview with a child. Underwood and another graduate 
student, Susan Real, then did 30 in: irviews at second, third, and fifth 
grade levels in the Kozmlnski summet school to validate the usability of 
the instrument and establish some pr iliminarv norms. The instrument is 
included in Appendix C. v/e believB it is a useful beginning in a key 
area. As long as we concentrate as lieavily as we do in American schools 
on computation, there is little doubt that children's ability to understand 
and flexibly use place value numeration is a very important matter. 
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A second interview Instrument that takes only 10 to 15 minutes and 
thai can be used quite informally Has developed by Warren Crown, formerly 
an elementary school teacher in Philadelphia, now a graduate student here 
at the university as well as a teacher of teachers at Governors 1 State 
University. That instrument focuses on non- computational skills and per- 
ceptions of youngsters, is quick and easy to administer, and we believe 
it should prove? useful in getting a different sort of information than is 
usually sought in schools* That instrument was validated by having a num- 
ber of Crown's pre-service and in-service teachers report on their admin- 
istration of the instrument to a few children each. The instrument and 
some preliminary results are included in Appendix C. 

A third clinical project using grant funds has just begun at Kozmin- 
ski school. This pilot project involves an initial screening with respect 
to computation skills using the Stanford Diagnostic Arithmetic Test (pub- 
lished by Harcoutu Brace) followed in the pilot project by clinical inter- 
views to validate and refine the findings from the written instrument. 
This in turn will be followed by an attempt to specify remedial sequences 
using concrete materials to be administered by the parents of the youngsters 
involved. If the results from the pilot project are promising we hope to 
set up a larger scale experiment later in this school year with some attempt 
to randomize selection of experimental ind control groups. 

Though limited only to validation, our clinical investigations give 
disturbing indications that many children have little or no understanding 
of counting, base, or place value as these operate in numeration and cal- 
culation. This is true even of many who can usually get corrbct answers 
to calculation examples typical of rchievonent tests, provided they are 
told what operation co perform. Though similarly limited, our interviews 
directed at non-computational mathe- itics give discouraging indications 
with respect to such pervasive matt rs as measure, order, approximation, 
and reasonable cost or amount in vat tous everyday situations. These mat- 
ters certainly merit further investigation. 



3.6 Including teachers in workshops and Courses 

As noted in the description of responses to our questionnaire, 
many local teachers expressed an interest in auditing courses or at- 
tending workshops here at the university. All teachers who responded 
to the questionnaire were then sent an invitation to audit our regular 
summer and autumn courses in mathematics education. Through summer 
1975, ten local teachers have opted for such participation and have 
followed through with varying degrees of regularity. This has given us 
excellent contacts with some local teachers and some new links with cer- 
tain schools. Working with a teacher in such a course gives an excel- 
lent basis for further communication; it is easy then to talk about adap- 
tation to classroom use of whatever the content of the course might be. 

Based on this experience I believe it is feasible and appropriate 
for this University to offer such low-cost opportunities for teachers 
in Hyde Park schools. The quality of local schools is certainly impor- 
tant to the quality of life in a university community, hence a non-tri- 
vial matter for the university as a whole. Demand is not so heavy as 
to be burdensome, though some courses must be scheduled at after-school 
hours and this is sometimes a troublesome matter. To make this routine 
rather experimental will, of course, require explicit permission and 
encouragement from the University. 

We responded to a request from Laboratory School teachers for a 
series of five workshops on things specified by their steering committee. 
These were successful and established a good basis for cooperation with 
the 15 or so teachers who participated. But as a general rule responding 
to such individual requests is too demanding of regular university re- 
sources — to respond separately to ec'.ch of the schools in Hyde Park would 
be an impossible addition to the load of regular staff here. It could 
however, be accomplished (with appropriate funding) using those consul- 
tants that were so effective in worl Lng with me on this project. A more 
basic problem is to follow-up such workshops to make them more operative 
in actual classrooms than is usually the case. 

With respect to workshops, we d^n't believe that isolated workshops 
are very productive except perhaps in very special areas. We would like 
to test here the sort of in-service work described by Kdith Biggs in 
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Freedom to Learn . She holds intensive workshops for a few days with 
a fairly large number of teachers. Participants then follow-up on 
those workshops in quite specific ways in their own classrooms for 
several months and then participate in another intensive workshop. 
Such a scheme seems to us both more manageable and more effective than 
responding to a number of separate requests. It could be done cooper- 
atively with the Teacher Center, which would also have a good effect 
on University, Teacher Center, and local school links. 

3.7 Providing consultants to schools 

In elementary schools generally there are very 'few teachers expert 
in mathematics and our questionnaire results indicate that this Is true 
in local schools as well. One obvious way to deal with this lack of 
inside expertness Is to provide expert consultation from the outside, 
but being helpful in this way is not easily accomplished and effects 
often seem not to outlast the consultants tenure. A few years ago, we 
worked out one spectacularly successful instance of an outside consul- 
tant making a durable difference when Pamela Ames (as part of the Ford 
Training and Placement Program here) made herself available on a low- 
key, everyday basis to the mathematics department of DuSable High School. 
By the end of that year the staff bad made giant strides in establishing 
close internal working relationships and in curriculum innovation suited 
to that school, and the effects have, persisted now for over five years. 
Rut in that case we were, working mostly with people well trained in 
mathematics and with mathematics teaching as their main job— a situation 
very different from most elementary schools. Hence as part of the pre- 
sent explorations we sought to get some experience with consulting rela- 
tionships in local elementary schorls as a basis for trying to find ways 
to make a similarly durable difference by this route. 

1. Pamela Ames spent the Spring 1074 quarter in a local school three 
or four mornings each weeb. We asked the school to specify how 
she could best help and the principal asked that she work pri- 
marily with a single teach* r with a special interest in teaching 
mathematics. Mrs. Ames 1 et forts to expand the role to include 
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consultation with other teachers were politely turned aside by 
the principal and the terchcr she wa,i working with. Mrs. Ames 
did learn a great deal about practical difficulties in imple- 
menting some of our pet suggestions for improving mathematics 
] earning. (For example, the difficulties of setting up cooper- 
ative group activity with youngsters not used to such coopera- 
tion, or non-bookish activities with those used to relying heavi- 
ly on books.) The one teacher who monopolized Mrs. Ames bene- 
fited'; she later sent us a letter describing with some enthusiasm 
a mathematics project exploiting paper airplanes that she was 
working through with her classes. Mrs. Ames created some nice 
activities for building computational skills, which appears to 
be the overiding preoccupation of elementary schools. That is, 
from our standpoint, it was a useful experience, but we don't 
think we found a way to "cost effective" consulting with durable 
effects. 

2. Marilyn Thompson worked with us part-time during Autumn and 
Winter quarters and several schools were invited to use her as 
consultant, again according to their oxm specifications. The 
schools involved seemed en*er to have such help, but were puz- 
zled about how to use it. Mrs. Thompson worked individually 
with a half-dozen or so teachers and helped at least one inter- 
est group of teachers in a school get started on discussing 
their mathematics program. She made some useful contacts and 
fostered considerable good will but we did not find a way to 
truly effective consulting relationships. 

3. Mary Page worked part-time through the entire 1974-75 school 
year in a somewhat different way with Nancy Hanvey, a gifted 
first grade teacher at K02-, inskl School. Several mornings each 
week Mrs. Page worked in ths hall with 3 small groups of young- 
sters. This suited our wi;h to explore young children's re- 
sponses to calculators and to use of concrete materials and was 
Mrs. Hanvey's preferred v;a^ of receiving help. (We have often 
found that teachers offered help think first of lust such an 
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arrangement: "Flense do something with this group of kids that 
I haven't time to help in the way they need.") Again, we pained 
valuable experience with younger children, and helped a single 
teacher, but we don't claim to have set up n good model for use 
of consultants. Some of Mrs. Page's interesting notes on the 
experience are included in Appendix A. 

As noted earlier, during the course of the year I had conversa- 
tions with many teachers and most of the principals in Hyde Park, 
but I spent more time in Kozminski school than any other place 
and I believe I became accepted there as a helpful consultant. 
This also served my purposes of becoming more intimately ac- 
quainted with what goes on in elementary schools so it was a 
good bargain all around. By year's end the very able principal 
of Kozminski, Alan Travis, had persuaded himself of the useful- 
ness of adding more of an emphasis on mathematics learning to 
his existing emphasis on learning reading and had taken several 
steps in that direction for the 1975-76 school year. These in- 
cluded designating the teacher most able in mathematics as spe- 
cialist teacher in the upner grades. He took the further step 
of departmentalizing for ] f >75-76 the 4th, 5th, 6th grade learn- 
ing experience and providing for specialized mathematics teaching 
there. Neither "specialist" teacher is especially well-trained 
in mathematics, but they like mathematics and should be effective, 
especially if we can give them some help and advice. In both 
cases the principal offered financial support for setting up 
their classrooms as mathematics laboratories. In the equipping 
of these rooms and the selection of special materials our ser- 
vices as consultant were u?"id. Small amounts of money remaining 
from the NSF grant were us, I to continue a special consultant 
arrangement at Kozminski i t« the person of Pamela Ames as school 
began this autumn. I will ilso continue to involve myself 
there. It seems a good pi v:e to develop further some of the 
things we think we have learned by these explorations; 



It is clear from our experience that the mere existence of excellent 
and expert consultants docs not assure their effective use in schools. 
For one thing, many teachers are ambivalent about consultants — they ask 
for such help, but then often hold the consultants at arms length, I 
believe the main factor in this is, again, poor training and basic inse- 
curity with respect to mathematics and its teaching on the part of most 
elementary school teachers. One teacher I worked with made this explicit 
as he tried to find time to take one of my courses: "I don't want to talk 
with you about my teaching of mathematics until I know what I'm talking 
about. 1 ' Local teachers know that we feel calculation skill is often too 
exclusively emphasized and that we'd like more non-bookish inquiry and 
activity. They may well agree with us in theory, but their present way 
of making it through the year at least works (for most of them) and they 
feel just too swamped to remake themselves in this respect. That is, 
they need more than -good advice. 

Another factor in teachers' ambivalence about consultants may be 
the fact that in most teachers' experience such people are here today and 
gone tomorrow, or on hand too infrequently for appropriate follow-up. 
Certainly it is true that we are T*ost accepted as consultants in those 
two schools (Kozminski and the Laboratory Schools) where we have appeared 
regularly and consistently over one or more years and have gotten to know 
some teachers fairly well so that a call for advice on a personal basis 
is possible. That sort of relationship is too expensive to be provided 
as a general thing even to a small subset of schools by regular University 
faculty or by a city school system. If we knew better how to make con- 
sulting effective in helping teachers that are far from expert in mathe- 
matics, it would not be expensive tr- provide part-time consultants such 
as the five people that worked with us so helpfully over the past year 
(graduate students and women profes ionals nnw raising families). But 
before proposing that we need to further explore ways to make consulting 
roles more productive. We intend to do that this coming year as Mrs, 
Ames and myself continue to work closely with Kozminski school (and less 
closely with some other Hyde Park sdmols), it seems likely to me that 
building teacher knowledge (and confidence) through participation in 
working groups, workshops find courses plus giving them ready access to 
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expert advice may work well 'but any such factor in isolation is rela- 
tively ineffectual. 

3*8 "Everyman Mathematics Development Group" — teacher working groups 
to create activities for non-computational mathematics 

Many teachers in their questionnaire responses indicated their in- 
terest in working groups. We tried one such session in the autumn quar- 
ter by getting together a number of teachers and asking them to specify 
what they wanted to work on. Such open-endedness was clearly not the way 
to go about things and so we abandoned that attempt. From that experience 
we concluded that it would work best to provide considerable structure 
for the working sessions and to make them very task-oriented. We there- 
fore planned sessions for the Winter quarter around a list of concepts 
and skills from my article "What Does 'Everyman' Really Need from School 
Mathematics" (The Mathematics Teache r , March. 1974). We then offered re- 
leased time to teachers and modest stipends ($15 per two hour session) 
for a session to be held every Tuesday afternoon starting during school 
hours. At one time or another about 25 people participated in these 
sessions. (More expressed interest but we had difficulty in getting 
substitutes in order to provide released time. We know how to handle 
that now and another time it would probably not be a barrier.) 

For each session we selected one of the 'Everyman 1 topics for atten- 
tion. For the first part of each session there was a presentation and a 
discussion about that topic which was continued until it appeared that 
those present understood both the topic and the sense in which it could 
be useful to most people. Each participant would then write out activi- 
ties relevant to that topic keyed to cettain grade levels (usually the 
grade levels at which they were exp* rienced teachers) , and add them to 
the pile accumulating in the center *>f the table. Two staff people work- 
ing with us in the project (Mary Pa,* and Marilyn Thompson) would take 
the pile of contributions thus gathered, sort them into categories and 
edit them. Those raw materials were typed and then duplicated and re- 
turned to participants during the next session. 

Some of the results of working in that way for eight topics in 
nine sessions are included in Appendix F. (Activities were listed for 
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measure, probability, relations, graphing, estimation, variables, logic, 
and non-computational uses of numbers.) We were impressed by the output. 
We were also impressed by the number of times teachers would take an 
idea for an activity from a session, try it with children, and report 
results in the next session. 

We believe several things were important to the success of these 
sessions and nearly all of them have something to do with the signals 
that we B^ve teachers that their contribution was needed, respected, and 
valued. Providing released time means that we got the best of their 
effort and not just what was left over after a tiring day. The stipends, 
thoup.h modest, were a tangible signal that what they had to offer was 
valued by us. We presented the topics in the spirit of "Here's what we 
think ought to happen but: we think you know best how to make it happen" 
and this elicited warm and cooperative responses. The preliminary dis- 
cussion at each session was probably essential because relatively few 
teachers would have a good idea without such discussion about what might 
be meant by such words as "relations," "coordinates," "probability," or 
'approximation." Even if they know the words they might lack a sense of 
how each denotes skills or gut-level intuitions for everyman rather than 
something taken from pages in a book. 

Three of us who participated in most of those sessions (Bell, Ames 
and Crown) are now working through that raw material again. We are at- 
tempting to add written prefaces which approximate the exploratory dis- 
cussion that began each session and that defined what is meant by each 
topic. We will then rework the raw material into a form that might be 
useful to teachers outside the group that produced them. 

In sum, we found these to be pioductiva sessions in the actual mater- 
ials produced, in the fine working i elationships that developed between 
us and a number of Hyde Park elememary school teachers and in the amount 
of self-education and increase in confidence that was evident. Hence, even 
if the written production were not to achieve the high quality that we be- 
lieve was achieved in this case, ttu process and the dynamics of the ex- 
perience itself make this sort of e.fort vary worthwhile. T believe this 
sort of effort is among the most promising of the things we did this past 
year and among those things most deserving of follow-up and further work 
of the same kind. 
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3.9 Summary 

In the original proposal these inquiries were to have been completed 
within about six months but that proved unrealistic and instead the NSF 
funded part of the project ran for about sixteen months. In that time we 
chose to try a broad range of things even at the cost of some superficiality. 
Among more or less intangible results for those of us who have worked di- 
rectly in the project I would list considerably more familiarity with the 
actual early school experience of youngsterfl ; increased appreciation of the 
difficulties under which elementary school teachers work; increased aware- 
ness that teachers are given far too little guidance or practical help in 
arranging the mathematics learning experience; and considerably enhanced 
links to the local teacher and administrator corps. As to tangible re- 
sults, it seems to me that the activities produced bv the "Everyman Mathe- 
matics Development Group" have high potential; the clinical instruments 
for investigation of place value and numeration concepts, and of children's 
awareness of non-computational mathematics are promising beginnings in 
neglected fields; and the feedback from many informal trials of calculators 
in classrooms forms a solid basis for more pointed studies and curriculum 
development. T «'e have found teachers and administrators verv willing to 
respond to initiatives on behalf of an improved mathematics experience but, 
with few exceptions, unlikelv to take the initiative themselves. We have 
found that many teachers are aware that help is needed and we have found 
several promising ways of helping them. Tn at least one local public 
school a serious effort has been undertaken to improve the mathematics ex- 
perience and this school may be a nice laboratory in which to test out 
various routes to such improvement. 

Our most discouraging finding i^ the gulf between prevailing school 
practice and a widespread consensus outside of schools that the early 
school mathematics experience should be solidly anchored in activities, 
direct experience, playful manipulations, and so on, with mathematical 
ideas built into these experiences. One need not be allied to Hewev, 
Piaget, Bruner, Dienes, etc., to recognize that such early experience is 
at least useful and is perhaps crucial, yet most classrooms have none of 
it at all. (Most first grade books have pictures of objects and activities, 
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but that is surely no adequate substitute for direct c rience.) This 
violation in early school practice of what is probably the most fruitful 
means to mathematical competence may go a long way toward explaining the 
failure of the school mathematics experience for so many people. 

The initial proposal for these investigations spoke of a search for 
"leverage points' 1 and work directed at the early school experience seems 
to me the most crucial such leverage point. That might take the form of 
more accurate assessment of results of the typical early experience, bet- 
ter in-service training for teachers, and further development of alternate 
materials and activities that can make the early experience richer and 
more concrete and that are easily u sable on a day to day basis in class- 
rooms. Any continuation of the present project would focus on those 
things plus some interesting possibilities raised by widespread availa- 
bility of inexpensive electronic calculators. 
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Appendix A: Commentaries Based on r ilculator Trials in Schools* 

Introduction 

At the time I started these explorations, little had been done with 
hand-held calculators in schools. My approach was simplv to lend calcu- 
lators to teachers, have them make whatever use they thought fruitful of 
them, and ask them to comment on thrlr uses and the children's reactions. 
Obviously, more systematic work thaa this now needs to be done, but these 
simple trials with feedback did giv? quite a lot of preliminary informa- 
tion, answered some questions, at least tentatively, and suggested some 
problems that should be investigated further. 

This appendix begins with tentative comments and conclusions with 
respect to a number of questions that often come up in considering school 
use of calculators. Following that some evidence for those comments and 
conclusions is given, first by reports from several teachers (first, third, 
5th-6th, 8th, and 9th grades), and second by a potpourri of brief remarks 
that are representative of many teacher comment's. 



*This is an appendix to M.S. Bell, Explorations into Ways of Improving the 
Elementar y Mathematic s Learning Experience , a report on a Project supported 
by NSF grant PES~74^18938. 
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A.l Some frequently asked question- with some tentative answers from 
classroom experience with calculators 

It cannot be too strongly emphasized that these comments arc based 
on quite informal trials and feedback from only about twenty teachers. 
Consideration of any particular question may depend on feedback from on- 
ly one or two teachers. That under >tood, it still seems useful to try 
for first approximation comments on i variety of questions. Roughly 
speaking, questions about learning possibilities are at the head of the 
list, with questions *iiat touch on administrative matters at the end of 
the list. 

1. Is explicit instruction in using the calculator necessary? 

Based on our trials we believe that at least from fifth grade on 
children learn to use a calculator very quickly (usually within an hour) 
with at most a worksheet that makes them confront various possibilities. 
They tend to learn to do the things they know something about; e.g., if 
they are unfamiliar with division they ignore that key. They learn both 
from the machine and each other; discoveries about shortcuts and particu- 
lar quirks are quickly shared. (Despite this, there are already adver- 
tisements— -e.g. , in Learning magazine—for Cilmstrips on how to use a 
calculator! ) 

Certain concealed features, such as automatic constants or repeating 
operation keys sometimes need to be pointed out but correct use of them is 
quickly mastered once attention is drawn to them. 

Some teachers who used the calculators in grades Wt taught several 
students explicitly and these students taught others. But self-teaching 
was effective in the Page first grade and Garmony third grade groups.* 



*The references herein to specific teachers or grade levels relate to anec- 
dotal reports on classroom trials of calculators that arc included in the 
next part of this appendix. 
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2. Do children "naturally" detect errors; that i s , do they re ject clearly 
unreasonable answers ? 

On this question we have mixed reports; some explicit research would 
be profitable. Tentatively we feel, that older children who have good "num- 
ber sense" can carry this over readily to calculator work but do not 
do so automatically (see Schafer mport). Similarly, for younger students, 
some but not all of Page's first graders were uncomfortable about wrong 
answers and asked the teacher to 1 >ok at them. Some upper grade students 
doing worksheets with division by .1, .01, etc., claimed the calculator 
was broken because it gave bigger answers — that is, they noticed what 
seemed to them to be a wrong result. But many youngsters in all 
grades seem accustomed to accept whatever "answer" a calculation leads 
them to and this carries over to calculators* Thus, for example, many 
children unfamiliar with decimals ignore the decimal point altogether in 
writing answers, no matter how ludicrous the result. As to how many sig- 
nificant figures to keep, nearly all children write whatever the calcula- 
tor says — and often wish aloud there were more than the usual eight digits. 

It seems to us that school neglect in teaching of approximation skills 
and of good sense about significant figures is plainly revealed when kids 
use calculators* Such things 3imply must be more emphasized if calculators 
are used in schools, but they should be more emphasized in any case. 

3. Has the ca lculator any potential for diagnosing gaps In un lerstanding 
o T content? 

We think there is considerable potential for this though none of our 
trials were directed to that end. For example, when using calculators 
with* eighth graders wc learned very quickly who does and who does not un- 
derstand what decimals mean, even for youngsters who could do certain cal- 



cularlona using decimal numbers. As another example, in a certain sixth 
grade class, the problem 38 t 144 was answered (on a six-digit machine) 
as 3.78947 by six students, 378947 by two, 26388 by four, and .2M88 (the 
correct answer) by only two students. Those various responses give very 
clear signals for follow-up. Usinr. the same problem with about 75 eighth 
gr .ders gave similarly clear clues i:o difficulties (but far more students 
did It correctly, as one would exp^t). Also, every problem-solving use 
reveals only a minority that understand about significant figures in 
measure and calculation. 

We believe the diagnostic possibilities are considerable and further 
work on them would be warranted. 

4. Do ch ildr en become curious about functions on the machine that arc 
unfamiliar to them? ™~ 

As far as our trials go, this is an open question. Third graders 
asked for more information about multiplication, but they already knew 
about multiplication in simple cases. These same youngsters asked about 
the meaning of decimals and settled (for the time being) for a simple 
"whole number plus a little more" sort of answer. They did not ask 
about division and ignored the division key. Similar results were found 
with first graders. All the sixth graders discussed in If 3 above did the 
division problem demanded of them (they might have ignored division other- 
wise), but most did it wrong and no one, apparently , was moved to ask about 
it. Tentatively, the obvious answer seems probable: valid discoveries 
from completely unguided exploration of unfamiliar keys is unlikely but 
there may be considerable potential for guided exploration of partly fa- 
miliar things. The unknown keys seem not to be distracting, so it at 
least may do no harm to keep further mathematical possibilities In the 
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environment (by way of extra machine keys) and Cor certain youngsters and 

certain teachers some nice explorations might result. That possibility 

needs to be balanced against extra cost* I would like it if at least yj 

were on nearly all machines, perhaps instead of the usual 7. key* 

5* Arc children interested in the calculators and if so ?_ does the interest 
last over an extended period? 

There is invariably very high Initial interest. From our trials, we 
find that high interest persists oxer a long time period provided students 
are given interesting things to do with the machines; indeed th^y demand 
to have things to do with them* Nearly every teacher in these trials com- 
mented on how motivating the calculators appear to be to kids and not a 
few teachers have said that "discipline problems' 1 virtually disappear when 
the machines are used, even in quite difficult situations. The main prob- 
lem, of course, is that few school mathematics materials have really inter- 
esting problems in them that exploit the power given youngsters by the cal- 
culators — a situation that most certainly should be remedied, and the 
sooner the betterl 

It could happen, of course, that interest in the calculators will 
wane as they become a very familiar feature of our society. But we have 
seen no evidence that n familiarity breeds contempt 11 either in these trials 
or for individual youngsters of our acquaintance who have now had calcula- 
tors for several years* 

6. Do children become dependent on the calcula tors? j)oes it matter? 

Without discounting the possibility of overdependence as a long range 
effect or a result of unwise pedagogy it is clear from our trials to date 
that this is not a significant problem* Children at first do everything 



in sight on the machine but in all our trials they rather quickly gained 
good judgment about doing easy things in their head (whenever they could) 
and using the machine at most for things they would otherwise have done 
by pencil and paper algorithms, Jt is clear that many critics of the use 
of calculators in schools would regard any use in place of pencil and paper 
as leading to overdependencc but there appear to be easy safeguards • For 
example, most teachers in these trials periodically demanded paper-pencil 
computation even with calculators present and the students seemed to go 
along with this without resentment* 

It is unclear to us how much to worry about possible increased depen- 
dence on calculators* "The batteries may run down 11 as the main argument 
for no de-emphasis at all of hand calculation seem3 somewhat silly. More 
troublesome is the fact that wc know very little about how children learn 
mathematical concepts, or even what they learn from the usual sequence of 
experiences. That being so, it would be unwise to discount the possibili- 
ty that algorithmic manipulation of numbers as such contributes to the 
learning of important mathematical concepts* It is easy to imagine that 
the very intricacy of the manipulations plus the patterns and rules that 
make them work may sometimes result in important, even if unspecified, 
learnings* The existence of calculators suggests ways of inquiring into 
the issues here and this is another area where research should be fruitful 
(with, of course, appropriate safeguards)* In the meantime, a conservative 
(but not immovable) posture toward the learning of calculation in schools 
seems warranted* 

"There can be no dcubt of one thing; good "reflexes' 1 with respect to 
basic multiplication and addition results ("learning and tables") remain 
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very essential. With or without a calculator it is crippling not to have 
such reflexes. It is also crippling not to have a sure feeling for effects of 

multiplication and division by powers of ten — a feeling that far too many 
people now fail to acquire. 

7. Is choice of machine configuration an important issue? 

The first thing to be said is that in our trials children adapted to 
a variety of machines without difficulty and seemed to be able to switch 
from one machine to another without confusion. Thus it seems safe to say 
that at least for older children, any machine that gives reliable results 
couH be used. But there still remain intriguing unanswered questions 
that merit investigation, and this is especially true for use of calcu- 
lators with children in the primary grades. 

In addition to power source (rechargeable battery, ordinary battery, 
AC adaptor) three aspects of configuration need consideration: 

a) display: left to right entry or right to left entry; scientific no- 

tation or not; number of digits and possible choice of that; 
size and color of display; etc. 

b) keyboard: which functions and number of functions; change sign keys; 

memories; constant — automatic or keyed; repeating keys; multi- 
purpose keys; etc. 

c) type of logic: algebraic (equation) logic? arithmetic logic 

as on some inexpensive machines; reverse Polish notation (RPN) , 
with a "stack" that sets it markedly apart from the similar 
arithmetic logic. 

TheseT various aspects are combined in a bewildering array of choices in 
the calculator marketplace. But by now an inexpensive (under $10) consumer 



oriented machine has emerged that is virtually identical among major dis- 
tributors: non-rechargeable battery with adaptor available; eight digit 
display with entry from the left; the four standard operations and a 
fairly versatile percent key; automatic constant which makes powers, recip 
rocals, repeated products, sums, and differences available by repeated 
punching of operation key3; no multiple use keys, except possibly C/CK. 
A few more dollars buys very similar models with memories, and a few 
more dollars buys similar models with square roots, reciprocals, and, some 
times, scientific notation. Beyond that considerable variety remains the 
rule* 

A number of people have by now delivered themselves in print of 
opinions about what sort of machine should be purchased for school use. 
These opinions are remarkably similar to each other: algebraic logic, 
keyed or automatic constants, rechargeable batteries, and no multiple use 
buttons. The trouble is that this standard advice is not based on any 
evidence about what may xfork best pedagogically . Over the long run such 
issues deserve investigation. Findings from investigations can influence 
design since the schools market will presumably be important enough that 
calculators to given specifications can be made available. 

The possible pedagogical ramifications of various combinations of 
display, keyboard, and machine logic are far from clear at present but 
such issues certainly exist and they may be non-trivial*, especially for 
calculators used with younger children. Here are a few such issues and 
questions suggested by our eighteen months of informal work with calcula- 
tors *in schools: 
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a) Work with first graders suggests the possibility that the standard 
display that feeds in digits from the right may lead to more number 
reversal errors in writing or reading numerals than displays (e.g., 
Hewlett Packard—HP) that feed In from the left. (That is, for 78, 
first 00000007., then 00000078, on most calculators, versus 7.0000000, 
then 78.000000 on some calculators.) 

b) All displays obviously have limits on the number of digits displayable, 
and children somehow find that dismaying. That is, even though with 
eight places larger numbers can be displayed than children normally 
see or use, they want more. But there are obvious pedagogical possi- 
bilities in the lessons to be learned from such limitations, and in 
ways c2 coping with thorn (for example, with scientific notation—see 
below) 

c) Children are dismayed by the penchant of calculators to give decimal 
answers where there "should" he whole numbers (e.g., (1/3) X 3 53 

0.9999999). Some calculators (HI 1 again) cleverly avoid such 
"difficulties" and presumably it would he possible to program a cal- 
culator to perform integer arithmetic correctly, or even to switch 
between integer and floating point modes. But it may be that the 
lessons of round-off error are too valuable in themselves to try to 
overcome the "wrongness" of the standard machine. How careful to 
be in this respect may be a function of the age of the child, but 
then again it may not be. 
d) Again with respect to integer versus decimal arithmetic, most divi- 
sions give decimal answers, but there are many real life situations 
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leading to division where quotient and remainder is the appropriate 
response, or where a remainder expressed as a fraction is easier to 
interpret than a decimal. (E.g., if I divide these 13 cookies qmong 
three children...)- Remainders can be retrieved from the decimal 
answer and doing so may be a valuable lesson at some point, but per- 
haps not for children first le/jrning about division. Calculators 
with a "Q" or"(Q,R)" option switch might be useful for early grades, 
first perhaps set by the teacher, later a choice to be made by the 
child according to the sort of problem at hand, 
e) All the printed advice we f ve seen on buying school machines specifies 
algebraic logic, but that may be very wrongminded advice indeed. 
First of all, there is no indication that the equation format (e.g., 
7 + 8 » p ) for calculation is the natural way for children to think 
as opposed to the column format suggested by RPM logic (enter the 
numbers, then operate). Indeed some of our work with first graders 
suggests the contrary. Second, with equation format either parenthe- 
ses are needed (more expensive machines increasingly have them on 
the keyboard) or intermediate results must be recorded (or stored in * 
memory) and re-entered, or calculations must be rearranged in fairly 
ornate ways. There are useful learnings in doing these things, of 
course, but they must be balanced against the simplicity and lack of 
fuss of an RPN logic with automatic stacking and recall of intermediate 
results. Keeping track of what is in the stack (plus the capacity to 
verify that) also has valuable learning potential. It seems possible 
Chat RPN logic may be more easily transferable to thinking about com- 
puter programming. In other words, the choice is not nearly so clear- 
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cut as has been suggested and there seems to us to be a rich field 
for pedagogical inquiry here. (The fact that essentially all inex- 
pensive machines have algebraic logic may decide the issue without 
investigation, which would be unfortunate.) 

f) We have already suggested that interesting pedagogical inquiries could 
follow from having machines available with more functions than arc 
immediately familiar to a child. Might a third grader ask about square 
root? (If so, it could be easily explained, especially with a calcu- 
lator at hand.) What about base-10 logarithms, say at a time when 
integer powers of ten and their link to our numerations system- is 
already well in hand? (With a calculator and hence no nonsense about 
extrapolation from tables, etc., the discussion might be manageable 
much earlier than is now the case.) Would just the fact of seeing 
function names daily, even if never used or explained, make children 
more receptive later on to work with, for example, trigonometric 
functions? And so on. 

g) In tho typical calculator, all input and intermediate data is lost 
unlc3S recorded by hand. Printing calculators keep track of all that, 
so are preferred by many for school use. But keeping a written record 
may be valuable in itself. It may also decrease the remoteness and 
mysteriousness of the answer machine. (We have long felt that keep- 
ing a written record provides non-trivial links between concrete ex- 
perience and abstract number processing and something lil'c that may 
carry over to calculators.) There is no doubt that children would 
have to be carefully taught to keep such records; every teacher is 
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familiar with children who regularly erase all the work they do (or 
do it on a separate sheet to be thrown away), recording only the 
final answer. (Indeed, we find this in the majority of children, 
indicating that "neatness" etc. is taught as a virtue that takes pre- 
cedence over clarity and demonstration of process.) 

h) When decimal answers are involved, the standard eight-digit display 
often gives much more "accuracy 1 than is warranted. For younger 
children so many decimal places is often an overload of information. 
One can imagine pedagogical advantages to the ability to choose how 
many decimal digits will be displayed. If one can keep shifting the 
display (with automatic roundoff) for a given result (as with several 
of the HP calculators), then one can imagine a variety of beneficial 
learning exercises. Just the necessity to choose in advance how 
much information to keep would have benefits. 

i) Scientific notation as available on many calculators might seem at 
first glance to be too complicated a code for use with young child- 
ren. (This code, in effect, changes every number to a pair of numbers 
with the first giving significant digits and the second a power of 
ten.) But our first reaction may be faulty and we should at least 
check on it by investigating when and how children can learn to use 
such a code with understanding. It may be that even primary children 
can use that code to some extent, and it seems very likely that many 
children could u3e it before It is taught in the present curriculum. 
Whenever it i3 teachable, it obviously opens up many new possibili- 
ties for using numbers in applications. 
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8. Are calculators durable enough for classroom use? 

The history of classroom aids shows pretty clearly that things that 
get broken aire simply no longer used* Teachers haven't the time or ener- 
gy to get things repaired, even assuming there is money for repairs and 
they know where to send them. 

With calculators, there are u-\ially some initial failures with new' 
machines — in one batch we bought, five of 24 machines had to be exchanged 
almost immediately but the failure rate in other batches was much lower. 
It seems* to be the case that if they operate o.k. for a few hours, they 
are good for the long run. Even so, in handling about 50 calculators we 
have had to send four for repairs within the first year, even after ini- 
tial exchanges. Dropping and other rough handling is infrequent—children 
seem to be pretty careful — and in any case we can trace no failures directly 
to such treatment. For inexpensive machines, repair costs after the usual 
one year warranty may exceed the price of a new machine. 

From our experience it seems that if a school is to furnish machines, 
it should make sure of steady use for the first few hours to weed out and 
exchange initial failures; monitor carefully during the warranty period, 
(usually one year), and then plan for about a 20% per year replacement (or 
repair) rate after the warranty period. We haven't had calculators long 
enough to know how long they will last before wearing out altogether. 

9. Are losses from theft frequent, unmanageable? 

This question has represented one of the major barriers to thinking 
about school use. One teacher flatly refused to try out our machines with 
the comment "Those things have legs!" The first hatch of machines lent to 
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several teachers quickly ended up in the school vault and only came out on 
our assurance that part of the trials were aimed at finding out if thefts 
would be unmanageable. Even so, on three occasions when a calculator 
from a batch was lost (by theft from desks or cabinets, not in use) 
teachers insisted on taking up a collection to reimburse us, and written 
feedback from one such class made I t very clear that students caught hell 
from a teacher who donated to the collection. 

Our experience in lending about fifty calculators in a wide variety 
of situations over about a one year period is that as far a3 we can tell 
none were stolen by the children actually using them. Five have been 
lost in schools from aft^r-hours thefts from desk drawers or cabinets. 
Another five have been lost from loans to students and teachers from our 
somewhat loosely controlled mathematics/science curriculum laboratory at 
the University—which has the usual library problems of keeping things in 
circulation versus the risk of loss. In other words, with few special 
precautions our loss rate from school use and lab use has been about 10% 
for each. Lately we have etched numbers on calculators and made up boxes 
with numbered storage cells (so it is obvious when one is missing) and we 
have tightened up security arrangements; it is too early to tell the effect 
of this. 

Our machines were lent when they were relatively expensive and rel- 
atively novel. With the same machines now less than $10 and with more 
and more in circulation, temptations may diminish. But our experience 
makes us cautious with respect to distribution of expensive special pur- 
pose machines. Also, we will now routinely require that students in our 
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teacher training classes have their own calculators rather than lending 
calculators from the laboratory. The problems (to the students them- 
selves) of loss, breakage, or extortion have made us think it unwise to 
issua calculators directly to chiJdren for out of school use, especially 
young children. Kven with cheaper machines direct ownership (or rental) 
seems preferable to schools supplying calculators gratis. 
10. How should calculators be powered? 

Host of the printed advice to school buyers that we have seen advo- 
cates rechargeable calculators, but we aren't so sure. The extra cost 
is substantial. For a batch of machines kept in the classroom it is a 
major nuisance to keep them on chargers. Some rechargeable batteries are 
caid to acquire a "memory 11 for undercharging— that is, if used before 
fully charged, they may not then take a full charge unless allowed to run 
completely down. If batteries do run down, a calculator can f t be used 
until recharged, unless extra (and expensive) battery packs are available. 

Although short life of (non-rechargeable) batteries was a major nui- 
sance (and expense) with an early batch of machines we acquired, those 
we've gotten lately with alkaline 9v transistor batteries last for about 
20 hours of actual use, which is good for several months for an individual 
who is careful about turning off the machine when not in use. On the 
other hand, a classroom set of calculators in continuous use during sever- 
al class periods per day would use up the 20 hours in just a few days. 
A-C adaptors (not re-chargers) are available for battery operated calcula- 
tors but few classrooms are set up with enough electrical plugs to make 
that practical. 
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Our experience is that problems in this area are a major deterrent 
to routine classroom use of calculators. On checking back with teachers 
to whom we loaned calculators we * were frequently told that they and the 
kids loved them, but they were out of service from worn out batteries. 
(They were put back in service again only when I supplied the batteries.) 
Pew classrooms have enough outlet? to keep machines plugged in, and in 
any case that severely restricts portability. Batteries are expensive; 
teachers shouldn 1 . buy them and schools may be unwilling to. The problem 
is unsolved and 'he most likely solution may be, again, individual stu- 
dent ownership of their own calculators, and hence responsibility to keep 
them in service. For school owned sets, and perhaps even for school use 
of student owned or rented calculators one solution might be rechargeable 
9v transistor batteries (if these exist at modest cost), with straight 
exchange of run down for charged batteries, and special rechargers that 
handle many batteries at once. A teacher would then simply keep a supply 
of charged batteries, and turn in run down batteries fo.: recharging in 
some central place. 
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A. 2 Teacher Reports 

These brief reports are annotated from written feedback provided by 
teachers who used calculators in various ways. In each case, the context 
is outlined, followed by comments fcom the teacher. 

These reports are included: 
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1st grade 


A-21 


Sherye Garmony 


Public summer school 
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Pauline Schafer 


Private school 
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8th grade 
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Blythe Olshan 


Public "alternative" school 


10th-12th grades 
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Mary Ann Chory 


Public high school 


9th grade 
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Katy Blackburn 


Public high school 


9th grade 
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Context 

Mary Pag'S MnrMni; November 1974 thr<"ivh March 3970 with small .roups of 6 to 6 
children frow i!aii.:y Hunvcy's first grade at Kor.mlnskA school . ("v~. Pane 
was paid a consultant: fee through U. of Chicago from IW pi'oj*'.- funds.) 
This was an of fori to explore young children's reaction:; to certain sorts of 
concrete material? on the one hand and calculators on the other hand. Only 
the calculator explorations) arc reported hero. Throe types of machines wore 
used: Texas Instruments Lxactra 20 (.1-digll, 4 function, algebraic Ionic); 
Rockwell 10U (-Vd.ir.it, 4 function, algebraic logic, some multiple use keys, 
* including "+ -/ ins Lead of separate Hewlett Packard 35 (rcvertte Polish 

notation) . 

1. Someone used a calculator nlno3L every day. Self-generated activities 
ranged from doing problems with largo numbers or checking problems they 
had done, to displaying telephone numbers or seeing what happened i. f hen 
the calculator couldn't handle a large number. Usual J y kids started out 
by doing addition combinations which Lhey already knew. Thmse who were 
really interested (In this case well over half) would proceed to number 
combinations Lhat they didn't Vnov— many Limes trying Lo guess the answer 
to a problem they'd created and Lhon seeing what Lhe calculator said. 
Those who weren't very interested would end np aimlessly pushing keys. 
Lven this activlLy wasn't totally wiihoul redeeming consequences, however, 
for in most cases kids would ask me Lo rea/. to them whatever number was 
ultimately displayed. 

2. Very Lew kids did subtraction problems, and no one showed much interest 
in tlu multiply or divide keys. 

3. :io on-* able Lo do a m+ ; >p problem on Lhe calculator, although T'm 
sure several could have if they'd had the calculators all Lhe Lime. They 
worn working on U when our sessions ended. 

A. The eaJcuiator was an excellent, motivational and learning tool. One prob- 
lem that I had as a teacher was being "fair" about who got available cal- 
culators for Lhe day. 1 was, of course, much more inclined to give them 
to those 1-idi who I knew were interested in discovering some thing with 
Lhe calculator Ins: tea J of those who i vis pretty sure just wanted to have 
It »i> a prestige symbol. It's difficult Lo ho Lhe judge of what consti- 
tutes useful experimentation for a given child. 

3. The primary mood of the kids in my groups seemed Lo be one of competition. 
All of thorn allowed a real desire to succeed, but emotions generated by 
feelings of competition often hindered success. This was especially true 
among the boys. For example, for data gathering preparatory to a graphing 
exercise we decided to count certain things in Lhe hall (school rules for- 
bade going outside). Each boy chose something to count— lights, doors, 
students, etc. Once in the hail, however, the desire Lo have the most 
an lie overcame any compunctions about accuracy, When the totals were an- 
nounced, the bo/ who had mosL accurately counted bad the lowest number 
and was ridiculed. When I made up any kind of paper work, i found it 
worked best to give a different set oC problems to each student in the 
group. This way they only had to worry about who finished first. This 
type of individualized instruction (I made problem; to fit the abilities 
of the student) noL only reduced competitiveness an I copy In", but in sev- 
eral eas.-x? led to real cooperation bet'een kids when one couldn't figure 
out an antvei. The calculator was a g/«v) non~co,<;poLitlvo influence once 
we g»>L over Lhe hurdle of who was go I or. to get it first. 
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6. Although we were nil very careful of tho calculators, t hov rli.l >>et dropped 
every iim; an I then; two wore not functioning by the end of the sprint*, 
Since the battery pochol wis tics .aly p,-<r! of tho internal machine they 
could examine, these wore frequently opened. 

7. I'd urfcc Hi 1 to make a cheap durable, version of their calculator Cor the 
following reason:*: 

a: Tt offers, of course, a much broader ran^c of nathomatlcal activities. 

b: There's no Icft-riplit confusion In order of (lisp lav which (I believe) 
can leal to, ur at leant perpetuate, number reversals;. 

c: The reverse polish notation vthod of ufiJnf; the nachino not only makes 
understanding the process wh'eh r.oes on inside the calculator easier, 
but also do-emphaslses the s.nndnrd m»n p equation format. The 
latter is especially advantn -ou«? for kids 'vho have (in my opinion) 
been introduced to aquations before, lhey wore ready— In other words:, 
most of thorn. 

Notes from dj.nry dnrinr, year: 

1. November 18: Today we just had one calculator, so in each ?;roup each 
person p,ot about 10 minutes with the machine while the others played with 
the rods. There was p,rcnt interest in the calculator—especially nuonfi 
the boys. Uhen asked the question "Uhat can you do with a calculator?" 
answers ranged from "Do your pluses" to 'Vrlto your telephone number." 
Jlost had no idea, llo one tried to write an equation. 

2. ;foveir.i>er 20: For the first 10 minuies or so tho children paired up and 
used th< calculator for writing answers to such questions as 'Mint is the 
smaller,:, nunber you can write on the calculator?" The largest?" etc. One 
child i:ouid display the numeral, the otb^r write it down. A-^ it turned 
out, this exercise was beyond the competence of most. For the smallest 
number, neatly everyone wrote "1". Answers for th<> Jar/.ost raneed from 

f ) to 1009. In one "roup there was heated arp.uncnt over which "as larger, 
31 or 74. J chink they need more work on the concept:; of more and less. 
For numbers of 10 and under, I'd sui^ott us In* concrete; ob ject s — for 
larger number*. , a number lino displayed proiuncntlv around the roon, alonp, 
with porters showing random displays of say 25 ohjocls, 5?, objects, 5000 
objects, etc. 

3. November 2(>: Ve had two calculators. T I ft t!n\i play around for awhile, 
then it appeared that several children were trying to work, out addition 
equations and were becoming frustrated by tin: fact that the entire equa- 
tion was not displayed. I helped a few of the children and the rest soon 
caught on frou them. U<;inp, simple sums to ten, they soon found out that 
a) You couldn't press two keys simultaneously, b) you could only press a 
certain toy once if you wanted it to work riftht. As they be^an to calcu- 
late siu;:s such as 3/2 and 5/1 1 had them slop and cheek with their Tinkers 
lo see if the calculator was actually displaying tho correct .ms'-vr. in 
.some eases, because keys wore pressed twice or the wrone, r<;>;n was pressed, 
the answer.'. \ em incorrect. Most child mi expressed d^belief and brought 
tue answer to ire. Many times they were* not iimncdi.it"!'' *:ure of th" exact 
sum, but knew that the answer they roL could not be rleja. This typ« of 
experience lays the groundwork for healthy doubt and onr l y work in esti- 
mation. Children, (and adults) often find it difficult to question a solu- 
tion they have worked out themselves. In (his case, of course, it i-, not 
the calculator that is at fault, but Die operator; but l he children don't 
see it this way rt. (The children still bavo difficult*' dtst inrtuir.hlnr. 
"2" and "5" on the machine. They also eont inue io reverse dibits in two 
dlf,it numeral ) 
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A* November 26: After we'd done sc verbal, equation?;, I pave* each of them 
a list of nbotiL 5 simple sums to *ork out by thoi^^l^o^ or on tin.* calcula- 
tor, (Pvoryono chose to use tho calculator, but may eheclod ^tth their 
finpors before or after.) When tb >y wore finished, rhey wore encouia'»ed 
to work out some of their own. m tho 3 2 chiJdren, 3 could not write 
their own equations, 3 proceeded to do sums with 2~di<ut numerals, (usually 
lOn or ]0n + r.i) and one boy didn't do any equation;; T tad written, nor 
wrote any of hit? own, but did many lOn + 10m problem;; on the calculator. 

5. December 3: Kvoryonc was excite' about, writing equations with the calcu- 
lator. Often two people caw* up with different nnrwrw and would, after 
much argument, redo the problem «o see who was ripht. 

6. December A: Some children repul vlv do probl^ns In the hundreds now, and 
arc able to road numbers In even hundred:*. TJo one ha?; tried to do a sub- 
traction problem yet. 

7. December 9: The children in the first pioup used the calculators for 
about 10 minutes — doinp. equation* and wrltinp larpe numbers. For the 
second day in a row one pirl repeated a series of n + n problems. When 
1 quizzed her afterwards, she didn't know any past 61-6, but counted out 
blocks to }\ct the answers to 7+7 and 3+8. i'or 9+9 she used the calculator. 

8. December 10; Today the pirl in the second Kroup who'd boon doinp 6+6, 7+7 
p.tc. took a sheet of paper and showed me that she could do those same 
problems without the calculator. Two childron tried subtraction problems 
today. One pirl announced thai: 7 take away l\ was J. I had her take some 
blocks, count out seven, and then asked her to take «'> away, l.'c then talked 
about the difference between 1 and -1 ou l h<* i- ichino. I just said that 
they weren't the so.no lumber. When trying to vwl larpe numbers (3 or more 
dip/its) on tho calculator, tho mijority of the Md". Heart reading from 

the ri^ht. i really think this has something to do with the order of the 
display. 

( J. Janaury 7: Mostly pettinp back into the swin^ of thinps. The calculator 
still intripuos Lho boys. However, when pi^en a story problem, all but 
one found it difficult to apply it to methods with the calculator, and 
tried to do it on their finders. Two boys •-•ho did xoro problems correctly 
(6+0, etc.) wore unable to generalize n+O-^n. Mot surpr Islnp. After play- 
inp with tho calculator for a while, the ^irl who was doiw n+n problems 
before Christnas hc.pan "rltinj* them down, trying to see if ^he could re- 
member the solutions. She pot as far ar. «W.'! and then had to count on her 
f inpers. 

10. January 7: Iho proup of A pirls ;',ot very onthuruast ic about nivinp number 
namos to the rods. They would each choose a rod, flrnre out its number 
naiflo (usinp the white rods) and then whisper the name to me. After we'd 
done all the rods, they lined up 3 oranpos and 6 wh J ten— counted by tens 
to pet 30, then were stymied by the 6 whites. Suddenly one p.irl asked, 
"Where's the calculator?" and proceeded to add *K) + 6 on it. Unfortunately, 
time ran out at thl3 point ♦ 

11. Fobruary ?A: To used the bean board?: to do probler*. of the 10 hi, I0x+n 
variety. ih\v cauojit on very quickly, and sever il couutod by tero*, and 
then counted on to find tho answer. The blppest mistakes were in counting 
units—usually tho answer would be off by one less. They used the calcu- 
lators to check the answers. 

12. February 21: Showed them the 111' 35 and p/ivc v«*ry briof instructions for 
usinp it: "You want to put the first number into ilu» machine so it can 
save it, so push tho Kntcr key. OK. Ttu* machine has that nunber. What 
other number do you want it to work with? Now what do von want the ma- 
chine to do with those numbers?" After t!i'- first couple of trios, no one 
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had any trouble. Three R lrla c. o down during recww to finish chocking 
Llieu pt oh Ions, and one p.irl wanted a whole new sot of problems to do. 

February 21: Had thren chlldn in tho Jar.L p.roup. C?vo on - bov— always 
interested in the rods— the Cask of ar,r.i»*ninj» number names to' thera, 
while the other two f}irls worked with the calculators. First, I used 
the HP Chen the K::actra to display two dLr.it numbers, some in the teens, 
and some with 1 as the r,n C oivl dif'tt., and asked them to soy the numeral 
as I displayed it. Both Rirln n i.lo no mistakes when the" rend numerals 
from the IIP hut one made one reversal with the other machine, and the 
second made 5 reversals. I used these children for this because they 
haven't had as much exposure to '.ho calculator as the kids in the other 
groups. It nlpjit be a j;ood Idea to do some serious testing in a couple 
of first and second ftrade rooms "o see if order of display really makes 
such a difference. The problem - r reversals Is so prevalent amonf; vounger 
children, and causes so much contusion when they Rot to place value' and 
Cwo-dip.it addition, that it would be well lo avoid anv device that mieht 
cause fur Cher uncertainty. " ' 
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Context : 



Sherye Garmony; remedial 1974 summer school for youngsters, aged 7-10, 
identified by teachers in home school as in need of remedial reading 
instruction, but with 3.5 hours per day available, part of the time was 
given to mathematics. Ma. G. had six machines with about twelve young- 
sters per day; hence she divided the group so each child had a calculator 
to himself every other day. 

Teacher comments : (abstracted from a longer report) 

I was interested in seeing what would happen with respect to motivation 
to find out things about numbers — ). just gave them out without instruction 
to see what they would do with the >: 

1. They first perceived from lookuig at the keys that they could use the 
machine to add, subtract and multiply. They weren't too sure about that 
other symbol (f) but no one asked md I decided just to wait for questions* 

2. First they began to test out problems they knew; e.g., 2 + 2 =» 4 — they 
feed it in and the calculator says 4. So they began to trust the calcula- 
tor — they knew some things and the calculator knew the same things. 

3. We had a store set up in the classroom, with empty containers the kids 
brought from home. The "cashier 11 would have a calculator (set for 2-place 
decimal, as was possible with these machines) and would total up purchases. 
They asked themselves about how accurately they would do this when their 
turn came. They began to check not only the calculator, but themselves and 
each other. They had recognized that they could make mistakes, and so could 
the machine. For this it vasn't necessary for every child to have a calcu- 
lator and I concluded that ;enerally speaking one calculator per child would 
not be necessary. 

4. Multiplication and what it meant became an issue when they tried some 
and got big numbers, ("Well how does a calculator come up with a number 

like this?") because their own understanding of multiplication hadn't reached 
the level of that of the calculator. This gave me the chance to show how a 
multiplication problem could be broken into smaller parts using the distrib- 
utive property. They were prompted to be curious by the calculator results 
so they were very interested when it came to me lecturing and them listening 
because it was going to help them understand something the calculator knew 
and they didn't. 

5. Some of the children were more advanced than others and they explored 
division by pushing the division key. But on many problems a decimal paint 
popped up and they asked "What does this mean in terms of the answer?" I 
felt it wasn't needed to go into a full explanation — their concern was just 
"How do you read a number like this?" or "What does it mean?" So I told 
them that the decimal located the whole number to the left, and the number 
they had was bigger than that but smaller than the next higher number. If 
they had pursued it further, I would have too, but they were satisfied with 
that answer. So, for example, if they got an answer like 1.5 and I asked 
for explanation they would say that it was bigger than one, but smaller than 
two— which was sufficient for what they were trying to find out at the point. 

6. The presence of the calculator made the idea of mathematics instruction 
more appealing to the kids what with hot days, no airconditioning, their 
friends out of school dping interesting things* I believe the calculators 
are one reason attendance stayed high. 
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7. Word cot around and children would come from other classes if their 
teachers would let them. My students would share their knowledge. They 
became more assured about themselves, not simply as mathematics students 
but as people and in their relationships with other children in the school. 
It changed the attitude in and out of the class from remedial/losers to a 
group with something special. 

8. Since they didn't have a calculator for each child every day, they con- 
tinued with regular math activities, then used their time with the calcula- 
tors to check things they had done without them. Sometimes they would pair 
up and check each other. Hence th? calculators became not a separate thing 
from the regular instruction but a part of it, which proved to be a very 
positive experience. 

9. The end of term evaluation suggested that they had in fact become more 
proficient in terms of their understanding of basic principles of elementary 
school mathematics. 



ERLC 



A-22 




Context: 

Pauline Schafer working Spring 1974 at U.C. Laboratory School with five 5th 
grade classes. (These students tend to do very well on standardized tests.) 
The experimental group (3 classes, 75 kids) explored calculators for 50 
minutes per day on each of two days and then used them on a standardized 
test. (STEP Form B; STEP Form A taken two months earlier served as pre- 
test). The control group (2 classes, 5C kids) had no such work and took 
the test without calculators. Analysis was for whole test, and for 'cal- 
culator 11 and "non-calculator" subsets of items; i.e., items agreed on by 
three referees where the calculator would be helpful (e.g., 744 + 578) or 
relatively useless (e.g., 90 minutes 3 ? hours). 

Comments : 

1. Results of testing; 

a) no significant differences on pre-test. 

b) There was a significant post-test difference favoring experimental 
group on calculator problems. There was slight but not significant 
difference on non-calculator problems favoring the" control group. 

No significant difference on entire test}* i.e. , the usual reported score. 

c) That is, for these relatively able and test-wise students the use 
of calculators made no difference in the achievement test scores 
that would be reported from such testing. 

2. Other results reported from observing students in their exploration of 
the calculators: 

a) All initially had trouble with problems where parentheses are needed 
(8x8-8x81*0) but eventually resolved the difficulties them- 
selves. 

b) Using the calculators led to good questions about remainder in 
division and changing fractions to decimals. 

c) Few students detected wrong answers; few estimated answers. 

d) There was very high curiosity and interest. 

e) Students quickly mastered quirks of machine without explicit in- 
struction. 

f) Student concensus: "Calculators useful not to replace our brains 
but to check on them." 
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ConLexC 

Five 5th, fith, SLh/Oih f»rndc cl.isr.os at f^vlo Chanplin Public School; Mack, inner 
city, low income: one wuok (L> 4Q-mlnu£c pcrLods each); ere'h cliHd had a calculator 

CommojijfG 

1. Reported results: Uses varied. Dr'U, practice, M ^nmc»:; ,i from i;. Imerzecl's 
Usinfi tin l JiQjuL^L^Ji^lPX* 

2. In trans Cur between rooms one calculator was taken. Teacher:* insisted on taking 
. up a collection aranft themselves (o\tM* stronp. .MSB protects) to nay for it and 

nine student letters mentioned the ."oss, and the cost to teachers. 

3. Feedback was via letters from kids, »sually 2- J sentences, 90 letters in all . 
Sec tally below. 
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Comments from 90 children 'si letlcrr. about their use for one week of Rockwell 12M 
calculators. (Four function plus *'» and square root; no separate key, "+/ B " 
is marked on one key, but punching any operation key Rives "the answer" up to that 
point; automatic constant^so repetitive operations possible by multiple pushing 
of operation keys.) 

a. I like it because It is fun; I like to push tin* buttons; I like to see the. 
numbers lifrht up; they are pretty; etc. (35 responses). 

b. I like it because we can use it for math; p.ood for uork without pencil and 
paper; easy to work with (7); faster so you don't have to spend so much time on 
a probler (16); easier (7); you can do math problems and number problems too; 
etc. (33 responses) 

c. Push a lutton and it ;;ivos you the answer (I.o., reliable) (10); if vou don't 
know the times- tables, push the button; it helped me (6); helps m') save the 
time of counting; etc. (21 responses). 

d. They are s...art (or .smarter than me); very mindful — think like a brain; it seems 
like it is human; it is a robot and we arc not; etc. (3 responses) 

e. T can add (or subtract or multiply or divide) with it. (Most of one class, plus 
four others.) 

f. I don't 1 i kc it because: the •!•/= change the numbers; my teacher didn't let m* 
use it one day (but when I'm alone I caw use it by myself); when [ push one 
number and then another and then times it r,ocr; out; somouo took one and teachers 
had to pay for it (6 responses) — so now re can't use it anymore (4 more responses); 
sometimes it came out wrong; sometimes I/it mosses up; etc. (14 responses). 

F,. Other comments; 

— Our class should keep them since we have More interest 

•—I have ]<arned from It (4) 

— -I like to add up lonj; hard numbers (2) 

—•If you hr»d the •••ronjj answer you could sec Lt from others' answers 

— You learn i lot of numbers 
— I want one myself (2) 

— I hope/wish vc could beep them (9) 

— Hard at first, easy after a week (2) 

— I use it to check my work (4); with cross word (sic) puz/.lus (3); to learn 
how to do two number division and do a Jot of this (2) ; help me think; improve 
my skill. 

--It helps us know the way to do arithmetic 

--It helps us wiLh things "o wouldn't have L'lour.liL of with our own brain 
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Context 

Kaye Letawj March-June (3 months); remedial math lab at Lewis-Champlin 
P.S. (Black, low income); students in grades 5-8; n ■ 33. Pre/post 
adapted from NLSMA tests — attitude toward math, solving word problems, 
computatiwn (4 ops. with whole numbers, fractions, decimals) 

Teacher Comments 

1. Calculator uses 

a) Exploration and drill for 1 weeks (6 lab periods) until each 
could use the calculator accurately 

b) Word problems, with money problems frequent 

c) Students. write their own w>>rd problems, solve them, share with 
classmates (5 to 7 each). 

2. Results of testing 

a. Hypothesis A: Students will increase skill in solving word problems. 
Result: One-point increase in mean; not significant. Reject hypo- 
thesis. 

b. Hypothesis B: Students will show positive change of attitude to- 

ward math as whole 
Result: Slight but not significant decrease in mean. (Maybe from 
end-of -school blahs?) Reject hypothesis as far as tested 
attitudes are concerned (but see //3,4 below). 

c. Hypothesis C: Use of calculators will not adversely affect com- 

putational skills. 
Result: .6 point increase in mean; not significant. Accept hy- 
pothesis. 

3. Other Results Reported 

a. In initial exploration of calculators, "students became inquisitive, 
self-sufficient, and cooperative.. Questions were. .directed to 
other students. . .For the first time students felt... one of their 
peers could have an answer to a mathematical question. 11 

b. The calculators. . .became another object to be used. . .rather than 
an expensive item to be stolen. 

c. When discrepancies were found... loud arguments. then "I 1 !! do mine 
over again 1 11 This became standard and made the students more self- 
sufficient. 

d. When calculators removed, "withdrawal symptoms. 11 

e. Most students could recognize activities that are easier and more 
accurately done with calculator 

4. Overall summary by the teacher: 

The calculator experience was truly worthwhile. Students could work 
together without teacher direction. They relied on and trusted other 
students for answers to difficult problems. It helped students make 
judgements about what it is really necessary for them to learn. 
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Context 



Shcrye Gurmony; Ti;enty eighth-grade remedial students, Wirth Middle School, 
1974-75 school year* Right calcul iters. (Four function, 6 place, floating 
decimal or fixed at two places) 

Teacher Comments 

1. Some youngsters in remedial classes have flood skills but choose not 

to chow them and instead exhibit b :havior lending to the "remedial" label. 
This is true of some in this group. Others can perform well, but at a 
slower rate than "average" student;. 

2. The initial introduction to th calculators was a day in which they 
were passed out with the invitatio to explore and sec what they would do. 
This went fine; no instruction in use of the machines was needed. 

3. The first sort of activity was merely in checking their own work for 
accuracy. For an average class one might think of chocking several prob- 
lems in a set just to make sure, but for this group it might be necessary 
to check after every single problem. If in a class of 10 a student can 
take a calculator and check himself, there is a more immediate response, 
which is very important to kids with these skill needs — they can't wait 
too long to find out if they arc doing o.k. Waiting for a teacher they 
lose interest or their enthusiasm winds down. 

4. Second, the calculators helped with word problems, which for these 
kids are not_ exciting adventures. The words get thorn hung up. Once I 
can help then understand what the x^ords are asking them, then the calcula- 
tor becomes an important tool. The question for then is still, however, 
what operations are needed to get the answer, and these questions I want 
them to answer for themselves, because that is what I'm basically con- 
cerned about. The accuracy through drill and practice we can cultivate 

as need be, but can't get them down to the business of being accurate 
until they arc sure they know what to do. 

In this area the calculators have been very beneficial because their 
whole approach to word problems is different now. Those problems were 
always the ones left out, don't understand, can't do, but now they are 
done just as regularly as numeral problems. I think this is very impor- 
tant for these particular students. 

5. Initially when ve worked with decimals all the problems had a constant 
number of decimal places, so they could be added or subtracted just as with 
whole numbers and then insert the decimal where it belongs. To sec how 
well they understood I gave some problems with different numbers of deci- 
mal places to sec if they could use the calculator to do these problems. 
Eleven of 15 I checked could, because they had already ;*een the floating 
decimal point and how it worked. I assume that those wIm couldn't do the 
problem haven't grasped the idea of floating dccim'la point and what that 
means in ejaculation. I'm going to give them time to try to discover this 
for themselves and only step in if £ think it is getting in the way and 
discouraging them. [This was written about the third month of the year.] 
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(.. We have begun to look at integers from an apparent fluke in calculation— 
when you subtract something like 24 from 13, something happens in the cal- 
culator. Ue haven't talked natch about it yet (third month of school)-- it 
ia Just an answer that has come up. I ask all of the young people to beep 
records of what they do and the kinds of things they get on the calculators 
and then when I have time to work with them individually 1 try to find out 
what they know about what is happening and help them understand more. 

7. I think an obvious advantage oi. calculators is that they gtv«: students 
the opportunity to check up on what they arc doing. This is fundamental. 
But they also motivate a kind of ci closity that I as a teacher am not al- 
ways able to come up with. 1 have seen an actual change in the performance 
level of these students. I have S' n an enthusiasm and a desire to really 
become involved in mathematics and uhnt it moans. The calculator is a 
teaching aid that is very important to me now. 

8. I have now begun to use the calculator in my other (non-remedial) classes. 
My advanced classes use it as any other instrument, inst to check up on what 
they already know. It i« fun and they enjoy it, but they can solve problems 
without it, while for remedial kids this is part of the problem— "I know what 
to do buc 1 can't come up with the right answer." For my regular classes it 
is just another activity, like working with geometric designs, or whatever. 

It becomes very handy when we are doing problems with exponential notations 
and that sort of thing because here they are Interested in getting an answer 
quickly so they can get on with something else. That is, there arc probably 
skills to be taught, skills to be improved on, skills to bo introduced for 
any student at whatever level. 
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Spring 1973 for aliout six weeks; Blythc Ushan at 'Metro" School — an officially 

sponsored Chicago cily experimental "school without walls. 11 VM udonrr; ami teacher/! 
plan courser. together; nany experiences h ive individual or group? working In n varl- 
ety of places Ln the cily, etc.) Ms. 0 1 ;han set Lhi:i up as an experimental elective 
in calculation and problem solving with or without calculators. 

Tca^che r Co mncnta 

1. Setting up the uxperiuent: 

a) Student.*; in this course ranged in background from an inability to do mul- 
tiplication to the ability to do calculus. 
* b) The fit^L day of class all stud nL« were allowed to play with the calcula- 
tors and they each had to fill out en index card with Information about their 
mathematical background. The students wore told that haLf of them would be 
working v;ith calculators and the. ot 1 * t half would not. 

c) The index cards \;ere used to divide tlie students in groups. First we di- 
vided the cards according to levels: Level A - no algebra experience, B/- less 
than 1/2 year of algebra, F>2 - presently enrolled in Last nuartor of algebra, 

C - geometry experience, I) - advanced algebra and trigonometry experience, E - 
was for anyone at a higher level than trigonometry. Those, cards, from each 
group, were then divided in half. One half to use the calculators and the 
other half wouldn't. 

d) The next time, the students came, to class the.y were given the results as to 
whether or not they would be using calculators. There was a great deal of dis- 
appointment on the part of non-calculator students. Jiut after several discus- 
sions most students were, ready to prove that they could do just as well and 
even better than those with calculators. Others immediately dropped the class. 

e) The instructions for the class were: Attendance, is mandatory. When you 
come to class you pick up your workbook and begin working. IT.ioii page was to 
be timed. 

2. Results for students with calculators: 

a) The first several weeks were, very exciting for everyone. The students 
with calculators at first used the calculators for oyewthin^ and within a 
week most of thorn realized that some calculations wore hotter to ho dore in 
your head and the calculator could he used as a tool only when necessary. 

b) The "Basic 1 ' students with calculators seemed to l>e the most enthusiastic. 
They would &hout when thuy j'.ot correct answers and would jay "This is great, 
how come we can't do math like this all the Li km? 11 "This is the first time 
I like in.ith clar.s!" 'Hey, this is real easy. 1 ' These consents were very fre- 
quent among several students that have felt like they've never succeeded in 
mathematics. They have had no confidence in themselves until now. 

c) The 'poor students'' just spoken of didn't want to leave the class when the 
hour was up. They would make up gamc« and race to see who would finish first. 
One game was to keep adding by 2 ! s and to see who could get the farthest in 
one minute. Soon they learned how to cheit and add more than two but they 
knew it had to he even. They also would do •slwllnr games with th»» other opera- 
tions ami learned a groat deal from the results. Alter a week they became "too 
smart" and didn't trust each other anymore. 

il) The Kore advanced students found the calculator a »'"lc<"!an relief to many 
tedious computations. Jiut they soon became bored with the idea nt it a^ a game 
and needed interesting problems to keep then eolng. Most of the problems were 
at a very low level but if you had the knowledge of basic algebraic properties 
the. work went very quickly. 

3. Results for students without calculators: 

a) The non calculator students had different: reaction*:. Those that stuck through 
the course did it for one of the following reason's: they needed the ciedit, they 
had nothing better to do, they liked doing these types of problems. 
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b) Again the ha r ic oludents were tlio nost enthusiastic. They J I led the idea 
of racing again:;!: a calculator and 1 hip, able to do as roll. This a^aln was 
one of the first time J they felt real .success and pleasure in *i mathematics 
class . 

c) The higher level studctur* r,ot lorcd very quickly and the number of these 
students in the clns.<; kept decrcasir". 

The results as to which fjroiips did letter, vorked faster, etc. are still bein<x 
calculated. Ihe p.radinn, procedures i.ero a p.ivat deal nore detailed than antic i 
pated in the designing of the coursu . In conclusion (for now) L rould really 
like to sec calculator.*? available tf all of my student::! 
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Context: 

Jtary Ann Chory; practice teaching in an algebra class at Kenv/ood High; 27 

calculators for one week; 32 people, mostly freshmen; roughly half do very 
poorly on tests. 

Teacher Comments : 

1, All of them had seen a calculator before. Roughly half had used one 
before. About 7 said that someone in their family owned one. 

2, I gave out 4 worksheets from "Experiences with Mini-Calculators" (G. 
Imerzeel). They really liked having worksheets and were glad that they 
were allowed to fill them in, etc. Here are some observations from the 
different pages: 

page 1 (count by n) : Some people didn't know what counting by ones, etc., 
on the calculator, meant. Others were doing an extra step by adding the 
number everytime; whan they discovered that they could do things faster by 
just pressing the S- button again and again they almost became excited. Some- 
time during the first 10 minutes, a student found that the calculator had 
a limit (only 8 places), I then asked what was* the largest number the cal- 
culator could exhibit? People were able to answer that, although some got 
mixed up in how to say it. 

page VI (many products, with concealed patterns): An interesting thing 
that occurred was the following: D, 76000.x 8 E, 760 x 800 
One girl (above average for class) got the same answer for both and it 
freaked her out. She asked the girl (a poor student) sitting next to her 
what she got. I tried to lead them into why "this mysterious occurence" 
happened but it was too close to the end of the period, 

page 4 and page 6 (check calculations): They liked these, especially where 
the answers were wrong. They worked together extremeXy well in figuring 
out which were wrong. 

3 3 4 5 

3. I told them to figure out what 3, 3, 3, 3, 3,,,. was by using their 
calculator. Some didn't realize that you could do repeated multiplication 
the same as with addition. Joel (a poor student) pointed out this fact to 
the class. That psyched them out. 

Some problems we did were: How many times do you push the x button (after 
you enter the number 3) before the number gets too big for the calculator? 
How many Limes do you think we will have to push the x button before the 
powers of 2 get too big for the calculator (more or less than for powers of 3)? 

Then we found the powers of ,5. This freaked them out. I asked them why did 
the product reach 0? Some kids said because "numbers got so small that the 
calculator couldn't read them anymore. 1 Then a group of kids started exper- 
iment in^ with other numbers between 0 and 1 to see if the same thing occurred, 

4. The class atmosphere was great. People were really turned on. Some 
kids vsre so intense on what they were doing, they actually hated to see 
the period end — a very rare occurrence. 
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Context : 

Katy Blaci.i)urn; Kenwood High; freshmen; age 15-17; low achievers; 70-109 
IQ; Math stanine 1-2; Mostly low income; 22 students; 15 calculators; 
January- June (5 months) 

Teacher Comments 

1. With one exception, students enthusiastic and remained so. 

2. "Greatest advantage. . .was that discipline problems were reduced to a 
minimum. . .when the fealculators v;ere present it was difficult to believe 
it was the same class. 11 * 

3. "Students begged for problems with multiple operations , "(even though 
they must write down intermediate results. 

4. "Often they would cortipete. . .on their own initiative and not suggested 
by the teacher." 

5. Based on (a) two general attitude scales, (b) computation tests (+, -, 
x, t whole numbers; decimals; fractions; percents; a, an, integers, 
equations, area), (c) survey of attitude with respect to calculators: 
..♦"Using the calculator in a class of basic math students may have con- 
tributed to a slight increase in computational skills, had little effect 
on students 1 tested attitudes toward math, were significant in motiva- 
tion, and were enjoyed immensely by the students. Descipline problems 
were reduced to a minimum." 

6. Problems: 

a) None with breakage, theft (but teachers were very careful) 

b) Resented having to share: "I want to use one by meself" 

c) Battery low but functioning gives strange results 

7. Uses 

a) Counting l f s f 2 f s, 10's, 100's, 1000 f s 

b) place value 

c) +, -, x, -f 

d) reading large numbers 

e) secret messages 

f) estimating 

g) perimeters, volumes, areas 

h) lengths of paths 

i) rounding off numbers 

j) placement of decimal points 

k) totals for grocery lists 

1) multiplication by 10 f s, lOO's, lOOO's 

m) patterns 

n) exponents 

o) decimal equivalents of fractions 

p) "Magic problems" (e.g., after a number, do this and that, get it 
back again) 



-^This persisted over the 5-month trial. 
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A. 3 A potpourri of brief comments on classroom use of calculators 



A. My first grade children loved it. I taught one child how to use the 
calculator and he taught the others* When a child would do something 
wrong, others would correct him. At one point, two children were ac- 
tually fighting over the machine. Both girls and boys were very in- 
terested, while girls of this age are usually less interested in math- 
ematics. I f m not afraid it will prevent arithmetic learning for first 
graders; indeed I would like to try the experiment of having them 
available for a full year in class, then compare scores and attitudes 
with comparable classes. (Hanvey) 

B. I lext it on the desk and my second and third graders discovered it 
and began to use it for checking work, giving each other numbers to 
read, and so on. Children need to learn the logic ot problem solving 
and, especially with young children, the calculator should help this 
by taking away the fuss about mechanics of calculation. For example, 
even with such a problem as "I have 5 pencils and someone gives me 
two more... 11 some of the children don't know that addition is the 
appropriate thing to do. (Longo) 

C. With various groups of 6th-8th grade students, I have used different 
materials. These are some of the activities: 

1. For checking answers: "Do it another way" becomes a real possi- 
bility, instead of teacher-imposed drudgery. Instead of having 
students use a "key 11 for checking their computation, it would be 
ideal to have a calculator available in the classroom for stu- 
dents to check their own work. If the answers differ, they would 
probably want to find out why. ^ 

2. Cryptograms: Using the relative frequency of letters in a sample, 
compared with the relative frequency of letters in the English 
language. Calculators are useful for the many computations 
involved. 

i\ Circles: Finding 7t from measuring the circumferences and diam- 
eter of a large number of small and large circles, using calcula- 
tors for the computation. 

4. Astronomy: How many miles are in a "light year?" How could you 
find out? How far is it, in miles, to the galaxy that is 500 
light years away? How long would it take to get there in a rock- 
et? What is an astronomical unit? How many miles is it? How 
far is it, in miles, to a place 600 astronomical units from the 
earth? 

5. Probability: There are many possible experiments to perform, to 
assist in understanding about probability. Calculators are use- 
ful in doing some of the computation. 

6. Compound Interest: How long does it take a sum of money to double 
at 5% annual interest, compounded annually? How much money would 
you have now if your great-great-grandfather had put $2500 in the 
bank 100 years ago? 
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7. "Broken calculator" problems: Representing a sequence of num- 
bers using just. one digit and certain agreed-upon operations. 
(Once the idea is understood this can be done without calcula- 
tors and then checked with a calculator. This activity helps 
in understanding the importance of parenthesis, and the order 
of operations.) (Macfarlane) 

D. 1. Instant reinforcement when working with sixth graders on place- 

ment of decimal points: Do a series of problems with multiply- 
ing and dividing decimals in which the students first decide 
where the decimal point will be in the answer (i.e., how many 
digits to the right of the point). Then do the problem on a 
calculator. They will see instantly whether they placed the 
point correctly or not. 

2. An aid in 6th graders learning prime factoring: Young students 
who are slow at dividing sometimes get "lost" before they can 
finish. Also, some have trouble finding prime factors above 
five since there are no easy divisability tests. I would have 
the class construct Prime Sieves and I would put one up to 100 
on display in my room. When a student is prime factoring a num- 
ber, he could use his calculator to do the necessary divisions 
and to test prime factors which he finds by looking at the Sieve. 
(Muelder) 

E. An example of a spontaneous conversation kept going by easy calcu- 
lating power that would very likely have petered out earlier with- 
out such power: 

Conversation with Colleen, a 6th Grader^ about time : 

C. When Kevin (her 19-year-old brother) was twice as old as me,wow! — 
but now he is only 7 years older. 

A. Yes, but when you were a year old he was 7 times as old; when a 
month old, 84 times as old, more or less 

C. I don't believe it... 

A. He'd lived 7 years, 84 months, when you had lived only 1 month. 

C. MMM, and when I was younger, say only a week... 

[For this a calculator came out. C then figured her present age, in 
years (11 yr., 10 mo. - 11.83...), days, hours, minutes (over 6 mil- 
lion), seconds (off the 8 digit scale) "Well I f ra glad I finally went 
off the scale. . . 

C. Hey, you told me that if I tried to count to a million it would 
take me forty years, but I've lived over 6 million minutes??? 

A. MM... Did I? I cure was wrongl! (Bell) 
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F. (Notes on MSB discussion with a Principal (A. Travis) after several of 
his teachers had used some calculators in their classrooms. June 1974.) 

We talked mostly about the practical problems of getting such machines 
into classroom use* He was perfectly willing to have them a feature 
of the classroom* The Boardf of Education does approve purchase of 
such devices (though this particular one hasn't been requested as far 
as he knew) but pretty much only at the regular cycle of concentra- 
tion on mathematics materials — </hich would be in 1976* He felt that 
they could be bought from textbook funds at that regular adoption 
cycle; if not from such funds, forget it, he said, for few other 
funds are available* He suggested discussing the matter with certain 
Board of Education people downtown* (Bell) 

G* In using mini-calculators with 6th, 7th, and 8th graders one of the 
first things one notices is the great intrinsic interest calculators 
seem to have, for both kids and adults* Perhaps this is beaause they 
are a new toy; in any case, mathematics Steps out of the realm of the 
dull and routine when kids have a chance to use calculators in their 
math. Another thing which rather surprised me is the ease with which 
the students I worked with were able to go from one make and model of 
calculator to another* We were using various kinds of calculators, 
all at the same time, and after just a few trials the students could 
all make the calculator they were using "work." (Macfarlane) 

H. Students who have not mastered the basic facts and computational skills 
by seventh grade have, in my opinion, only a slight chance of ever 
doing so. These students then need to learn to use an aid, such as 

a calculator, to supplement their poor computational background. A 
calculator will allow these students to perhaps develop some measure 
of problem-solving skills related to real life situations in spite of 
the aforementioned handicap. (Similar to comment by Charles Nelson, 
teaching 7th grade in Chicago public school.) (Smith) 

I. Calculators are useful in mathematical reasoning. The logic of word 
problems is made easier without the burden of computation. I feel it 
is better for a child to gain an understanding of math principles, 
even if he is not adept at computation, than to lose out in both areas 
due to his lack of skill in computation. In the future, the availa- 
bility of calculators may compensate for computational skills, but 
nothing can compensate for the lack of understanding of mathematical 
logic. ... However, I would restrict the use of calculators in the 
classroom* I would trjr to teach computation as in the past, although 
I have no rational reason for doing so. (Latin, for Latin's sake?) 
Calculators would be used to supplement computational skills* (Longo) 
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J. I love n my l! (borrowed) calculator — both for myself and to correct 
kids 1 classwork. Calculators for kids? I'm not sure. Minus: I 
could^t give them busy work* Plus: I could spend lots of time 
teaching them when to divide, multiply, etc. (Hennebach) 

K. Even though I think actual use of calculators should wait till high 
school, the effect of the calculator should definitely be felt in the 
grade school curriculum. Fractions need to be de-emphasized and dec- 
imals and percents should be examined more closely. Also, with the 
advent of the metric system decimals take on new importance. (Gentile) 

L. Calculators may be used by a child to check his own computation. They 
provide immediate and independent reinforcement, and are also an in- 
centive to working the problem. They are fun to use, and the child 
can "compete 11 in private, without losing face if he's wrongs (Longo) 

M. Calculators have encouraged me to attempt math problems I never would 
have touched before. They allow for much more rapid production, so 
that most of the tedium of long problem-solving is gone. They are 
also fun to use and make math exciting. I don't feel they should 
replace the learning of multiplication tables, etc. This feeling is 
partly intuitive, and partly based on the need for such knowledge in 
situations where it would be impractical to use a calculator. I see 
the calculator as opening dooro to more creative problem solving using 
data from the real world — mass data. (Weiss) 

N. It is very exciting to get answers just like that without going through 
the hard labor of calculation. But one must have a good sense of es- 
timation and prediction how small or large the answer you expect. Er- 
rors can only be detected by ones 1 intuition or his sense of expecta- 
tion. If a child doesn't realize this he would not necessarily end 
up with all right answers.. Also the machine doesn f t mean anything 
unless you know what procedures or operations are involved in getting 
the answers. ... Sometimes I feel insecure of not knowing what takes 
place inside the machine. You know the elements you feed into the 
machine but it only shows you the end product and not the process with 
which you got it. (Woo) 

0. In the intermediate grades, I feel that calculators should, at this 

point, be used with caution. There i3 a danger in undermining instruc- 
tion in number theory with too extensive use of calculators. Calcula- 
tors do not clearly show intermediate steps in calculations; for exam- 
ple, how digits that are "carried," or how 1/8 gets to be equivalent 
to .125. How to continue to develop intuition about the correctness 
of calculator answers (in terms of magnitude, etc.) could become a prob- 
lem. Possilby this aspect of calculator usage may also spur an increase 
in the use of manipulatives as intuition-building aids. This, to me, is 
one of the main questions, as calculators become more readily available. 
... The dependency upon the user for the order and accuracy of the in- 
put data (just as with a computer programmer) should be stressed. The 
calculator could be used here not only as a motivational tool, because 
of its novelty, but again in tsrms of more realistic applications. In 
terms of finding patterns a calculator could allow for more instances of 
the phenomena to be observed than would be feasible to do with calcula- 

d tion by hand. (Smith) 



Short Description of Teachers and Context in Which Calculators Were U^ed 



Nancy Hanvey: Teacher at Kozminski Public School (elementary, urban); 
about 30 youngsters in a grade 1-2 classroom; one calculator for 
about a week in June 1974. 

Patricia Longo: Teacher at Kozminski Public School (elementary, urban); 
self-contained classroom of about 30 students in 2nd-3rd grade; one 
calculator for about a month at end of 1974 school year* 

Eleanor Macfarlane: Then teacher aide in suburban !l learning center 11 , now 
a teacher in a suburban elementary school; various r 6th-8th grade 
students* 

Richard Muelder: Mathematics teacher at University of Chicago Laboratory 
School; 6th graders. 

ST. 

Joyce Smith: Chicago Public School teacher ; I manages Math Lab for 4th, 5th, 
6th grades. 

Mark Hennebach: Regular substitute in Chicago schools. 
Kathy Gentile: High school teacher* 

Mama Weiss: Graduate student in Master of Science in Teaching Program 
at the University of Chicago; training to teach elementary school. 

Matsuko Woo: Graduate Student in Master of Science in Teaching Program 
at the University of Chicago; training to teach elementary school. 
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Appendix lit Some Remarks on the Co ' c ulation Curriculum 

Introduction 

This is an appendix to M.S. Bell, Explorations into Ways of Improving 
the Elementary Mathematics Learning Experience , a report on a project sup- 
ported by NSF grant PES 74-18938. r art B.l was originally written for 
Z. Usiskin and M. Bell, Calculators ind School Arithmetic: Some Perspec- 
tives , which in turn was prepared i c the NSF supported "Electronic Uand 
Held Calculator Project, 11 directed ! y Maqrilyn Suydam and Richard Shumway, 
Ohio State University. A somewhat Afferent version of part B.2 also ap- 
pears in that report. Zalman Usiskin' s help in revising and improving 
both B.l and B.2 is gratefully acknowledged. 
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B.l The canonical calculation curriculum: numbers and their processing in 
grades K-6 

Since the calculator principally calculates, any assessment of its 
role in the curriculum is bound to focus on how it might interact with 
that part of the curriculum that de<'>]s with numbers and their processing. 
Hence it seems useful to attempt an assessment of typical patterns of 
schooling in those areas. 

It is the impression of many of us that "the calculation curriculum 11 
and "the mathematics curriculum" foi grades K-6 are essentially two names 
for the same thing — that is, concern with calculation dominates those 
years to a very large extent. Even topics like measure, geometry, and 
probability frequently appear to be in books mainly to provide another 
context for calculation. However tl t may be, calculation concerns are 
at least the largest single componei t of the curriculum in grades K-6. 
To examine that curriculum, we looked at widely used textbook series from 
major publishers, because In the great majority of classrooms such text- 
books determine the pace, structure, and actual learning materials for 
the students. For that purpose we went through two textbook series year 
by year and page by page and tallied the main content of each page into 
various categories. Here we include comments mainly on the calculation 
content, which does indeed dominate these books. The first such book is 
by now an old standby and has been very widely used: Investigating School 
Mathematics , Addison Wesley Publishing Company, 1973 edition — referred 
to hereafter as AW. The second is a newer series that seems to be at- 
tracting a considerable following, Mathematics Around Us , Scott Foresman 
and Co., 1975 edition, hereafter referred to a3 SF. 
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Before dealing with the calculation content of these textbooks 
(summarized on page 15) a comment oa the ways in which such textbooks 
contribute to methods of teaching ii the classrooms they dominate may 
be in order* First, in spite of Pl-j^et, and Dewey before him, there is 
little acknowledgment in the tcxtbo^.s themselves that the early (say 
grades 1-3) number experience of chH.dren might profitably be based on 
work with concrete materials such. a f * counters or colored rods. To be 
sure, the books for these early yea*s are lavishly illustrated with pic- 
tures of many objects and diagrams of concrete situations (e.g., for 
addition: pictures of animals in a pasture with others coming to join 
them) but it seems pretty clear that, looking at pictures can't qualify 
as a concrete operation. Teacher manuals for both books (but especially 
for SF) suggest activities with concrete materials but our overwhelming 
impression from observing classrooms is that these suggestions are rarely 
followed. This overweaning dependence on symbol manipulation of one sort 
or another as the nearly exclusive diet for early work with numbers con- 
trasts with what nearly all of the best informed people in our field say 
would be more appropriate. It is easy to imagine that it accounts for 
the poor intuition for and understanding of number work on the part of 
many people that has characterized the results of school mathematics edu- 
cation for a very long time. 

To turn now to calculation as taught in these books some general im- 
pressions from our tally of calculation content in SF and AW can be summed 
up as follows: 
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(1) It is quite uncommon in these bookr> for significant preparatory work 
for a given topic to appear at grade levels before the main introduction 
of the topic into the sequence. For example, there are essentially no 
fractions treated before grade 4, j.td no operations even with simple frac- 
tions before grade 5. This lack oJ gradual buildup may be another result 
of the dependence of books on symbols, since the appropriate preparatory 
experiences should very likely be qMite concrete in nature. 

(2) The general pattern of developments in both books as revealed by 
the page count is very similar although the books themselves seem quite 
dissimilar. An exception is that the SF book stresses decimal work on 
more pages (by a factor of 3 or so) and usually a grade level earlier. 
(The SF also has a more "applied" flavor throughout a3 context for the 
computational work.) 

(3) The general pattern is introduction of number facts or new notation 
at one grade level with no prior work, then development of algorithms and 
the like with increasingly complex examples at the next two grade levels, 
with maintenance thereafter by review, use in story problems, etc. 

As to the actual calculation content) Table 2 and Table 3 summarize 
the tally of pages in two ways. The relative emphasis in each book varies 
somewhat, but the mean captures very well a general impression of the se- 
quence and emphasis in these books. Table 2 gives those means. Table 3 
is a very much simplified version of Table 2; a check (\/) indicates a 
beginning on a topic, often near the end of the textbook for that year; 
a plus sign (+) indicates main emphasis; a zero (0) indicates little or 
no attention to the topic at that grade level; the letter (m) indicates 
at most skill maintenance exercises. 
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Table 2 Number of Pages per Calculation Topic Averaged 
from Two Textbook Scries 



Grade Level* 





1 


2 


3 


4 ■ 


5 . 


6 


Wliole ' 
Number 1 
Addition 


Addition Facts 
No "carry" 
Isolated "carry" 
Arbitrary sums 


104 
10 
0 
0 


80 
15 
28 
0 


26 
10 
26 
10 


10 
0 
12 
15 


10 
0 
0 

20 


8 
0 
0 
17 




Whole | 
Number . 
Subtraction | 


Subtraction Facts 
Single regrouping 
Arbitrary a-b (b^a) 


88 
0 
0 


58 
27 
0 


28 
24 
14 


9 
7 
18 


7 
0 
22 


7 
0 
17 




Whole 1 
Number 1 
Multipli- 1 
cation 1 


Multiplication Facts 
x 10, 100, 1000 
Single digit 2nd facror 
Arbitrary a»b 


0 
0 
0 
0 


17 
0 
0 
0 


35 
9 

18 
0 


27 
15 
16 
17 


9 
9 
6 
25 


9 
7 
2 
20 




Whole 1 
Number 

Division | 


Division Facts 
Single digit divisor 
Arbitrary a f b 


0 
0 
0 


1 
0 
0 


28 
6 
4 


19 
16 
20 


13 
15 
28 


7 
0 
34 






Kf n oninft • n 11 ui 1 tin f* n 


0 


0 


0 


40 


45 


IX. 






£ + £ 
b d 


0 


0 


0 


0 


28 


23 




(Rational) 1 
Fractions , 


a c 
b " d 


0 


0 


0 


0 


27 


18 






£ . £ 
b * d 


0 


0 


0 


0 


13 


22 






a , c 


0 


0 


0 


0 


2 


12 




(Finite) | 
Decimals 


Decimals as 

Money: add, subtract 
Meaning of decimals 
Add or Subtract 
Multiplication 
Division 


0 
0 
0 
0 
0 


0 
0 
0 
0 
0 


5 
0 
0 
0 
0 


6 
0 
4 
0 
0 


0 
9 
17 
11 
0 


0 
4 
18 
20 
16 





9 

ERIC 



i 



Si) 



Tabic 3 Grade Level of Introduction and Emphasis 

of Computation Topics in Two Textbook Scries 



Grade Level 





1 


2 


3 


A 


5 


6 


Whole 
Number 
+, - 


| Facts 

Easy 
1 Mature 


, + 
0 
0 


+ 
+ 
0 


m 
+ 


m 
m* 

.+ 


m 
m 
m 


m 
m 
m 


Whole 
Number 

X 


. Facts 
1 Mature 


0 
0 


v/ 
0 


+ 
0 


+ 


m 
+ 


m 
ra 


Whole 

Number 
• 

T 


1 Facts 

Long Division 


0 

U 


0 
U 


+ 

U 


+ 


m 
i 

T 


m 

T 


a 
b 


1 Meaning 
1 x 


0 
0 
0 

G 


0 
0 
0 
0 


0 
0 
0 
0 


+ 

0 
0 
0 


0 


TO 
+ 
+ 
✓ 


Finite 
Decimals 


| Money: +, - 

Meaning 
1 +, - 

X 

1 • 

1 7 


0 
0 
0 
0 
0 


0 
0 
0 
0 
0 


v/ 
0 
0 
0 
0 


x/ 
0 

0 
0 


m 

✓ 
+ 

0 


m 
m 
+ 
+ 



*Thc "m" designation, meaning "maintenance" of skills, can mean work 
in problem sets or implicit in other operations. In that case, 'pages 
devoted to the subject don't appear, and hence arc tallied as "0" in 
Table 2. 
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The main thing that strikes us in this tally is the extant to which 
new symbolic work of a fairly complicated sort is piled on in fifth and 
sixth grades* The first four years consists of fairly leisurely work 
with counting and whole numbers: t!'E meanings of the whole number oper- 
ations, extensive algorithmic work • Lth addition and subtraction, and 
some with multiplication. The fina 1 two years of the K-6 school sequence 
have a heavy load of precisely those '.opics well known to be troublesome 
to students: long division of whol~ numbers; common denominators; divi- 
sion of fractions; and virtually al 1 work with decimals beyond addition 
and subtraction. Both the amount aud complexity of symbolic calculation 
is very substantially escalated in these two years and it is not surprising 
that this proves to be very difficult for very many students.* 

This curriculum sequence may h 1 .p to explain the gut reaction of so 
many teachers to the use of calculators in schools: "Fine, but not until 
after at least sixth grade. 11 More is at stake in that than merely the 
feeling that one should learn to compute "by hand" before getting a 
machine to do it. Even moderate use of calculators before about fifth 
grade would upset this standard sequence radically by bringing a number 
of things into the school situation before their existence is acknowledged 
by the canonical curriculum. For example, calculators introduce multipli- 
cation of anything by anything; division of anything by anything; division 
that usually leads to decimals; decimals more generally, and not merely 
decimals for money. That is, if one accepts that the present sequence of 

^According to followers of Piaget, many children in fifth and sixth grades 
may still be working at least in part in a concrete operations stage. But 
most of the work just referred to is heavily symbolic, and "understanding" 
what is going on requires fairly ornate formal arguments. This is espe- 
cially so in the likely absence of work with concrete embodiments of the 
operations. 
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calculation development in schools f 3 necessary and logical, then om 
must view the calculator as disruptive. 

We believe that better sequence could easily be devised and* that 
the calculator could play a fruitful role in these sequences. At a min- 
imum, it would not be difficult to ,u*gue that the canonical curriculum 
has very serious weaknesses and is overdue for reconsideration. 

For example, the canonical curt Iculum of the primary school years is 
surely quite weak. Too little is khwn about how young children learn 
best, but even what is known is of t -a ignored. One signal of this is the 
almost universal failure to include even the simplest of concrete manipu- 
lations in early number work. First grade workbooks usually' consist of 
page after page of equations with single digit addition and subtraction 
accompanied at most by pictures of corresponding groups of objects and 
most children apparently do spend their mathematics learning time filling 
in the blanks in those workbooks. Suitable concrete work should enable 
earlier introduction of non-negative decimals (as an extension of place 
value; and," if so, addition and subtraction oC simple decimals could pro- 
bably be included not much later than the addition and subtraction of 
whole numbers. 

One example of curriculum materials that attempt (only) the rudimen- 
tary reform of including considerable concrete work without changing the 
content and grade level sequence of the canonical curriculum is Developing 
Mathe matical Processes . At present it has not gained wide acceptance. 
It may be that it attempts so much by way of variety of concrete work 
(admirable to be sure) and demands such special ^ets of equipment that it 
is seen as impractical for school use. 
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A more promising approach to the early school calculation curricu- 
lum is the fairly radical departure from it implicit in the Comprehensive 
School Mathematics Program (CSMP) . The program includes considerable 
concrete work. But more than thai . decimals and fractions as well as 
operations using t" ^.m are included 4 rom first grade on. Furthermore, the 
op< z/itions in the primary grades r*e not restricted to addition and sub- 
traction, contrary to the practice in both the canonical curriculum and 
the DMF variant. This is accompl.1 hed with concrete devices that allow 
for fairly ornate algorithmic processing, (The !, Papy minicomputer 11 is 
the principal one u3ed in CSMP, but other possibilities also exist,) 
These concrete calculators do more than accomplish the calculation work. 
They also embody important featurt of standard algorithms — for example, 
"carrying 11 and "borrowing" in add.'t.ion and subtraction of whole numbers; 
power of ten shift rules for multiplication and division. To some, this 
might suggest that the variants suggested by CSMP are ideally suited to 
a calcu >**~ based curriculum, with the more efficient electronic calcula- 
tor replacing the likes of the concrete minicomputer. But we think this 
suggestion would Le unwise — unlike the concrete calculators an electronic 
calculator obscures the process by which an answer is arrived at. But it 
would be an interesting exercise to consider the calculator as a teaching 
aid in the primary grades of such a curriculum, as an occasional alternate 
to the concrete algorithmic processing. 
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B.2 Notes for an alternative calculation curriculum 

B.2.1 General remarks 

In the usual elementary schoo' curriculum, arithmetic skills have 
been taught as an end in themselve Lip service is always given to 
the ability to apply these skills 1 ut most school materials do not 
reflect that goal and the recent I'- KP tests suggest that airthmetic 
skills are learned much better th?;. the applications of those skills. 
The canonical curriculum contains • raotnost no work in estimation or 
approximiation, only rud-mentary applications, and little in the way 
of handling data. In classroom practice, there is virtually no concrete 
work, even in the primary grades. The numbers and operations at a 
particular level tend to be strictly controlled, parcelled out slowly, 
and with little grounding at one level Cor what comes next. 

Suppose now that calculators are put into this canonical curricu- 
lum without any changes in it. Exactly those problems for which students 
spend hours and months learning how to compute answers are the ones 
for which the calculator gets .answers very quickly. In a curriculum that 
already has virtually no manipulation of concrete objects, the calculator 
removes most of the manipulation even of numerals. Furthermore, what the 
calculator does well is not reflected in the canonical curriculum. The 
calculator allows for the handling of more complicated data. It makes 
trial and error methods feasible in manv contexts. It displays real 
numbers not usually encountered in the textbooks for the early grades. 
(Indeed, it is not until grade 7 at the earliest that the canonical 
curriculum includes all the numbers and operations with them that can 
be handled with the simplest calculators.) Also, exploiting the calculator 
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requires estimation skills unlikely to be taught in the canonical curriculum. 

Hence, it seems to me that if calculators are to be used in the elem- 
entary school grades, alternative urricula must be designed with them 
in mind. I believe that it is pos- Lble to devise such alternate curricula 
that not only make room for fruitf- L use of calculators but also alleviate 
some of the weaknesses in the cane Leal curriculum. As a partial existence 
proof for this possibility, the pa« es that follow include pieces of a 
rough outline for one such cuirricu 1 um alternative for the elementary 
school mathematics curriculum, or ?ather for the calculation oart of 
that curriculum. The main feature i of this alternative are greatly 
enriched content in the early grades (as in CSMP) , considerable work 
with concrete materials, and, of course, work with calculators from the 
beginning of the school experience 

In considering the material tnat follows the reader should keep in 
mind the fragmentary and tentative nature of the suggestions made. 
With respect to content, the butline deals only with number and calc- 
ulation and even in that is not exhaustive. With respect to sequence, 
the outline is at most suggestive. With respect to concrete materials, 
only a small sample of che possibilities is listed. With respect to 
calculators, the suggestions made by no means exhaust the possibilities. 
(Most of the calculator suggestions come from teachers in the trial' 
uses of calculators described in Appendix A.) The outline is uneven, 
with much more detail for early work than for later work. This last is 
mainly in response to the apparently widespread belief that calculators 
have potential at most for the upper elementary grades and beyond. That 
is, the early grades are outlined in more (hut far from sufficient) detail 
because that is where there appears to be the most scepticism both with 
respect to richer content and with respect to fruitful teaching uses of 
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calculators. 

Finally, the reader should know that what I regard as possibly the 
most promising teaching use of cal ulators is virtually absent from the 
fragmentary outline that follows; . amely, calculators used to help youngsters 
make sense out of numerical data. \t almost any level there are situations 
interesting to students for which 1 Dth the data and answers from processing 
the data are understandable, but f< r which the actual computations or other 
processing are beyond their pencil and-paper calculating power. The calcu- 
lator can give them the needed pre essing power and thus open up many more 
reasons to be interested in numbeio and calculation. In any alternative 
proposed to the canonical curriculum such possibilities should be fully 
developed. Examples could come fron everyday experience; from USMES-type 
challenges; from many nice science materials; from Nuffield- type activities; 
from class projects — including some in social studies, language arts, etc; 
and so on. 

To sum up, the pages that follow include some first draft fragments 
for what might profitably be developed into a full scale alternative 
to present practice. It clearly is not yet a fully developed alternative 
but it may suggest that serious efforts to find a useful ulace for calculators 
in teaching elementary school mathematics (including the primary grades) 
could be rewarding. 

B.2*2 Some possible activities for a first phase of a calculation 
curriculum: introducing the child to arithmetic 

In a first phase, each concept is introduced through manipulation of 

concrete objects. Unlike the canonical curriculum, from the start attention 

is given to fairly large whole numbers, to fractions, to decimals, to all 

four operations. Inputs and results are recorded to provide links among 



9 

ERIC 



B-ll 



the verbal, the concrete, and the symbolic; it is important that this 
be done both for concrete and for calculator work. Recording of inputs 
and results is also important lust to have a record of the processing. 
Please keep in mind the coitions outlined above: 

(a) Only calculation content *s dealt with here, but I believe that 
any reasonable elementan school curriculum should include much 
which is not calculation 

(b) The outline is not intended to be. exhaustive in any respect: 
useful content may have b ^.en neglected; many other useful concrete 
activities exist; there «^re many other ways to exploit calculators 
for increased understanding of arithmetic. 

(c) Using calculators to make sense of interesting numerical data 
can reinforce arithmetic ; earning in many ways, but few of these 
possibilities appear in the material that follows. 
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Some Skills or Concepts 



Some Sample Concrete Embodiments 



t 

H 



(a) Whole Numbers as Counts 

*Count by l l s, say to 126 

*Count by 10* s, say to 500 

*Start at n, count on; 
count back 

^Recording of results of a 
counting process, say up to 
126 

*Head a two-digit numeral 

*Count out a set of n objects, 
n reasonable 



*Attach verbal counts to many sets of 
objects 

*Count out sticks, bundle by 10 f s 
Count by 10* s with 10-bundles 

*Embody two-di'jit numbers with sticks 
and bundles; count on (continue bun- 
dling) and back (unbundle) 

*Form n; predict and act out 
(((n + 10)+ 10)+...); ((n - 10)- ...) 

*With reversible grocery counter, count 
on and back by l*s; by 10 ! s 



*Set constant so that repeated button 
pushing counts by 1; child counts ver- 
bally in pace with display 

*Similarly, count by 10 f s 

*Display number, then use constant to 
count on and back by l's 

^Display n; use constant to count on and 
back by 10's; ask for prediction be- 
fore pressing button 

*0ne chV I displays number he can read; 
challenges partner to read it 

^Children challenged to display biggest, 
;*tu;I1csi I- or ; ciziz .rj-.fcers: dis- 
putes settled with concrete embodi- 
ments 

*0ne child says a number; partner dis- 
plays it 



(b) Ifnole Numbers as Measures 



*Usual play and preliminary work with 
colored rods (e.g., Cuisenaire rods) 
augmented with clear acetate lxl 
cm squares to represent 0 

^Measure lengths with rods; express re- 
sults with 10-rods and at most one 
other 

*Use meter stick to measure; record to 
nearest cm 



9'i 
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Some Skills or Concepts 



Some Samole Concrete Embodiments 



i 



(b) Whole Numbers as Measures (continued) 



^Children weigh themselves on bathroom 
scales (kg); weigh other large objects 
(kg) and small objects (g) ; record 
results 

*VJater and sand table play with volumes- 
how many of these in this? 



(c) Meanings of addition of whole numbers 



^Counting — i.e. , combining 
^Measuring — i.e., joining 



*Combining sets of objects 

*Usual work with "trains" of rods; some 
of this with rods on number line 

"Add by counting on with grocery counter 

*Simple two-digit addition %:^h sticks 
and bundles 

*"Add" using volumes, weights, etc. 



(d) Meanings of subtraction 

^Counts or measures: 
take-away 
comparison 

*allow negative answers 
closely tied to real 
situations 



*Use counters and rods in both take- 
away and comparison situations 

*Count back with grocery counter 

^Unbundle sticks for borrowing 

*Act out some money problems; classroom 
store is possible; also integers via 
losses, lending, etc. 

*Act out subtraction with various 
measures 

*With rods marked with arrow, add and 
subtract on the number line 
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Some Sample Calculator Uses 



*Get a + b results from games, data, 
a classroom store, other problems of 
interest to students, etc; occasionally 
use data beyond that which is easily 
acted out concretely 

**\:T>lorp -attorns cuch as "adding 10," 
"adding 2, 11 "adding 9," to arbitrary x 

*Fill in table of basic results with 
combined concrete and calculator work 



^Explore patterns like (a+b)-b, (a+b)-a, 
a - a, etc.; explain the answers in 
terms of real situations 

* Explore a - b and b - a; compare a - b 
with b - a 

^Estimate answers to large problems; ver- 
ify with calculator 



no 



Some Skills or Concepts 



Some Sample Concrete Embodiments 



(e) Meanings of multiplication 
*Arrays 

^Repeated addition using 
counts and measures 

^Combinatorial problems 

-Count by n 



(f ) Meanings of division 

*a things or something of 
^ size a , split evenly b 
ways 

*How many b f s in a 

*0ne-bth of a vs a-rb 

*Corres?ond with multipli- 
cation 

-Rate 

(g) Introduction to decimals 

*n % n.d < n + 1 

^Decimal system and money; 
,X 10 and or * 10 

*Record metric length mea- 
sures with decimal notation; 
notion of "more accurate 11 



*Count m groups of n counters 

*Count m X n array by n 

*Train of m n-rods; convert to 10a + b 

^Measure array of n-rods across by an 
m-rod 

*Act out combinations 

*Money for 10 X 1, 10 X 10, 10 X 100, 
etc. 

*Share things evenly (e.g., cookies) 

*Fonaing groups for how many ^'s 
in a 

*a counters with b rows, "one for 
you and one for me," sometimes re- 
mainders 

*0ne-bth of a in money, sticks and 
bundles 

*Cut up ribbon of length a into b 
equal piecesj into pieces of length b 

*Decimals from money transactions and 
from linear measurements 

^Calipers 



Some Sample Calculator Uses 



*Uith a constant, count by n f s; 
explore patterns 

^Calculate plausible problems with 
areas and arrays (e.g., how many 
tiles on the floor or ceiling) 

*Units in units: seconds per hour; 
minutes per day; meters in n kilo- 
meters, etc. 



^Illustrative concrete problems; ob- 
serve non-whole number quotients 

correspond r.n rarruij-ndcirs 

*Nume**al n.d is between n and n+1; 
begin rounding and also lead-in 
to decimals 

*"Best buy" pricing 



^Grocery store problems; calculator 
as check-out machine 

^Explore accuracy needed in real 
situations 



Some Skills or Concepts 



| Some Sample Concrete Embodiments 



(h) Meaning for fraction notation; equivalence of fractions 



*Parts of whole 

*Ratios 

* — = a - b 
b 3 # D 



( 



1 a 

* b 9 b °^ a set °^ objects 
*Mark 24 -cm "unit" on number line with 
rod trains (J's, « 



3 °' 4 



s, 6 's, g's 



"J^' Sj "24 note niany names for some 
points 

*Reprise concrete work for a t b 

*Paperfolding of unit strios 

1 1 1 c 1 u 
~2> "2 or "J* etc. 



< » 



Some Sample Calculator Uses 



*Check equivalence of fractions by 
division 

*Order fractions by division 



v> J 
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B.2.3 Some possible activities for a second phase of the calculation 
curriculum: building up skill and concepts 

Skill-building begins before Phase 1 ends and includes the basic 
addition, subtraction, and multiplication reflexes. During Phase 2 the 
algorithms for the fundamental opcritions arc established and some paper- 
and-pencil competence and accuracy Ls expected. 

The "concrete 11 work in this p ! Mse becomes more coded. For example, 
dowels of the same approximate siz* can replace 10-bundles (with only a 
few actual bundles left for regrouj Lng) . Work with counters can be done 
on a place-value sheet. This allovs for work with decimals without needing 
physically smaller pieces for tenths, hundredths, etc. 

The work of this phase is specified below in less detail than before, 
with the examples simply meant to - uggest types of uses of concrete mater- 
ials and of calculators. The main objectives here are to demonstrate the 
existence of fruitful work with these aids and to stimulate thought in 
these directions. 
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Some Skills or Concepts 



Some Sample Concrete Embodiments 



Some Sample Calculator Uses 



(i) Addition, multiplication reflexes 

*Check doubtful combinations with con- 
crete work, but goal is reflex 
responses 



( j ) Addition and subtraction skills 



i 

oo -a 



*a + b (a, b any integers, 
easy decimals) 

*a - b (a, b any non-negative 
integers, easy deci- 
mals) 

b = c c + b = a 

*a + b + c + d for reasonable 
data 



* M War 1 ' with black and red cards, the 
latter negative; xri. th pairs: a + b, a - b 

*Chip computers to keep track of oper- 
ations with multi-digit numbers 

*Meter sticks, tapes, trundle wheels for 
data gathering or picturing 



*"Beat the calculator 11 to encourage 
mental processing 

* n Broken calculator" problems as 
practice — i.e., postulate only cer- 
tain buttons work, ask for display 
of 1, 2, 3, n 



*3rcak down calculations by parts — 
e.g., use calculator for one's col- 
umn-record, then for 10 f s column, 
record, etc. (in subtraction, the 
negatives suggest borrowing) 

^Ectination of ansvcrs by using on] •* 
first significant digit, or two sig- 
nificant digits 



(k) Multiplication and division skills 



*a X b for up to 2-digit 
whole numbers on paper; ar- 
bitrary on calculators 

*a f b where b has up to 
2-digits on paper, arbitrary 
on calculators 

t b = c <^ cb = a 



^Repeated addition (for single-digit b 
in a X b) using dial-a-matic, grocery 
counter, chip computer, 10 blocks, or 
sticks and bundles 

^Exploration of 10-shifts with mater- 
eals, e.g., each X 10 shift is an ex- 
change for a next higher value 

^Repeated subtraction (for singler 
digit b in a r b) using above materials 



^Exploration of X 10, X 100, 
shifts both for whole numbers and 
decimals 

^Exploration of * 10, f 100, 
shifts* ♦ . Compare with X .1, X..01, 
. . . , shifts 

*How do you multiply with multiplica- 
tion key inoperative? — begin with re- 
peated addition, move to combination . 
of repeated addition and X10, X100, 
... shifts to get to the usual algorithm 
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Some Skills or Concepts 



j Some Sample Concrete Embodiments 



Some Sample Calculator Uses 



(k) Multiplication and division skills (continued) 



*Use dot arrays to exhibit 2-digit fac- 
tors; group results by powers of 10 to 
suggest an algorithm. (This might well 
come earlier, as a concrete way to get 
answers for situations that involve 
products of two digit factors) 



*0btain partial products, then add 

*How do you divide with division key 
inoperative? (1) begin with repeated 
subtraction, move to combination of . ; 
repeated subtraction and X10, X100, 
..„, shifts to show possible algorithms; 
(2) revert to multiplication and care- 
ful trial and error 
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B.2.4 Some possible activities for a third phase of a calculation 
curriculum: applying and enriching arithmetic processes 

This phase begins before the second phase has ended, perhaps 
in part as early as grade 4, and continues through the remainder of 
a student's arithmetic experience <nto high school and beyond. Here 
one uses the skills and concepts I »ilt up in the first two phases in 
a variety of ways to gain sophistic ation and power in processing and 
interpreting numerical information For example, one uses the skills 
to estimate answers; the concepts to develop shortcuts and efficient 
application in arithmetic; uses bnh to arrange data in various ways to 
better understand it. 

In this phase there is an explicit focus on algorithms as such 
(and on flow charts and other propnmming tools)- for paper-pencil 
calculation, for organizing calcu? - tor work, and, possibly, for using 
computers. Mew content may include such things as percentages; square 
roots (probably trial and error squares using calculator); scientific 
notation (which may have been anticipated earlier); various rounding off 
processes; linear, quadratic, cubic relations (e.g., in connection with 
scaling effects involving linear, area, volume measures); exponential 
versus linear growth and a b for a, arbitrary, b an integer (various compound 
interest-type applications); attention to formulas and functions; and 
other content. 

In this phase one regies on number patterns more than concrete 
embodiments. There would be some reliance on concrete work, especially 
for new concepts, but it would diminish and the embodiments themselves 
might be more abstract. To compensate for less concrete work, there should 
be even increased work with collecting and making sense of actual data, 
always with attention to questions of "reasonableness" of answers. 

No outline is included for the work of this phase. 

er|c b " 20 
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Appendix C: Assessing Numeration and Place Value Concepts* 

The interview instrument that resulted from several stages of 
development and validation is reproduced here. See 3.5 in the main 
report for more details. 



Notes for a Clinical Interview on Number 
and Numeration Concepts 



Draft 
Not for quotation 
To be used only with permission 



Dale Underwood 
The University of Chicago 
April, 1974 



*This is an appendix to M. S. Bell, Explorations into Ways of Improving 
the Elementary Mathematics Learning Experience , a report on a project 
supported by NSF grant PES 74-18938. As indicated by the cover page 
reproduced above, it is the work of Dale Underwood, now at Florida 
£T State University, Talahassee, Florida. 
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THE TASK'* IN BRIEF 



Writin g Nume rals, 



The 



interviewer dictates a list of numbers which the 
child writes. 



Reading Numera ls. The child reads a set of numerals. If there are examples 

written incorrectly by the child in the preceding 
task at least two of these are included. 

Mag nitud e, a) In one task the child is given various sets of small cards 
on which single digits are written and is asked to make 
different numbers and compare their magnitudes, to construct 



numbers bigger and smaller than given numbers, and to con- 
struct with a given set of digits the biggest and smallest, 
numbers possible. 

b) In a second task he is asked to determine for two numbers 
how much bigger one is than the other. 



Countincj« a) By ones. The child is asked to count (by rote) to 40. lie 



is then asked to continue counting from various starting 
points, these starts being determined by his prior perform- 
ance. 

b) By tens. In a similar fashion the child is asked to count 
by tens to 250 and then to continue by tens from various 
starting points. 



A lgori thms . The child is asked to work some (written) addition and subtrac- 
tion exercises. He is encouraged to "think aloud" and/or to 
explain or rationalize his procedure after the fact. 

Tens and Ones. 
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WRITING MINERALS 



Ma teria ls. The record sheet has the list of nunbers you will dictate. 

The child needs a pencil and the sheet to write numbers on which 
follows the record sheet. 

Procedures . 

1. Introduce the task by saying something like, "I'm going to call out 
some numbers and I'd like you to write them down on this sheet." 
Give the child his sheet. "The first number is 68. Just write it 
here." Indicate the first space on his sheet.* 

2. Continue through the list of numbers. 

(a) Read numbers without saying "and", e.g., "five hundred four" 
rather than "five hundred and four." 

(b) The numerals in your list are printed small, but try to keep 
them discretely from the child's view anyway. 

3. Repeat a number as many times as necessary. 

(a) Don't say a (large) number piecemeal until you have said it 

twice without pauses. (The child who intends to write 400090098 
for 4,998 will signal you to say "four thousand — [pause] — 
nine hundred — [pause] — ninety-eight." By all means do so, but 
only after you have said it twice without pauses.) 

4. Make up Read cards from at least the first two errors the child 
makes in writing numerals (in any) . Put these cards at the end of 
the Reading Numerals deck. 

(a) Write these numerals just as the child did, preserving his digit 
order and use (or lack) of conmas. However, form all digits 
just as you did in the rest of the Read deck, e.g., don't 
write "f" for "4" even though the child did. 

(b) Wait until the child is writing another numeral to make up one 
of these cards. 

(c) You may want to do more than two of these cards if the child's 
errors seem to be of different types. 



This suggestion is not motivated by a puritanical notion of 
correctness, but by the fact that we simply don't know what effect 
the two different ways of reading a numeral might loave on the way 
a child writes it. Until we do know whether there is such an 
effect, a (perhaps arbitrary) consistency will enable us to learn 
at least how children respond to this way of reading numerals. 

This procedure does save time, but primarily it minimizes the 
probability of signaling the child that he has made an error. 

The object of making up Read cards from the child's errors is to 
find out which types of these errors are decoded (read) consis- 
tently with the way they were encoded (written) . Consistency 
in encoding and decoding indicates a more conscious, deliberate, 
or rational pattern of thought than does inconsistency. 



Comments. 
2(a) 

4(b) 
4(c) 
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WRITE NUMERALS 

(Record after interview) 



68 



100__ 
4,993_ 
504 



1,000_._ 
348 



5,004 
112 



872,000 __ 
6 million 
12,000 



from 
Write 
errors 



READ NUMERALS 

(Record after interview) 

68 

100 



4,998_ 
504 



1,000_ 
348 



5,004 



112 



12,000 



Don't say "and". 

Make Read cards from errors. 



Repeat after child if necessary. 



-I u U 
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READING NUMERALS 



Ma terials . The deck of cards (used in cannon with all children) on which you 
have written the numerals from the Read list, together with 
any cards made up for the current child in Writing Numerals. 

Procedures. 

1. Introduce the task simply, saying something like, "New I'd like you 
to say (read) some numbers for me." Show the child the deck with 
the first card on top. If he doesn't start, ask him, "What is this 
number?" 

2. Hold the deck so the child is speaking as directly as possible into 
the recorder. Put each card to the back of the deck after he reads 
it. 

3. If you have any doubt - ->ut the child's responses being recoverable 
from the tape, repeat *ach of his responses after him. When you do 
this you must repeat them all—not just those that are wrong, (A 
simple request for the child to speak louder may be a sufficient 
alternative.) 

4. Remove all Write error cards made up for current child before you 
put the deck back. Put the error cards with the rest of the child's 
materials to be recorded later on the Read record sheet. 

Cairnents. 

2 It is important that the child see only one numeral at a time since 
there are certain similarities. Seme children will read "5,004" as 
"five hundred and four," and thus should not see this numsral to- 
gether with "504." 

4 You might want to mark the backs of the cards made up from the 

child's Write errors so they can be easily and accurately separated 
from the deck. (Using his initials or code number will also enable 
you to return them to the right folder if they sliould drop out.) 




MAGNITUDE 



Materials. Fran the set of cannon materials; you will use the 4 sets of 

digit cards and the 3 sheets on which digit cards have been 
glued. 

From the individual materials you will use the sheets on which 
57 and 47 (and other pairs) are written and the Record sheet 
which you will fill out during the interview. 

Task I. Discovering the child's word for "greater" when comparing numbers. 
Telling "how much more." 

Procedures. 

1. Lay before the child the s!ieet on which 57 and 47 are written. Point 
to 57 and ask, "How does this number compare to that one?" 

(a) You will frequently *iave to probe to get a magnitude comparison. 
Try "How is this nunrbcr [57] different from that one?" or 
other non-suggestive , questions initially. Before the situation 
becomes a "guess what's on my mind" hassle, however, just ask 
the child directly 'Would you say this number [57] is 'greater 1 
or 'bigger* or 'higner 1 or what?" 

2. When you get the child's word for "greater" record it and use it 
(and it's equivalent foi "lesser") during the remainder of the task. 

3. Ask "How much (bigger)* is this number?", pointing to 57. Record 
the response. 

(a) Probe a bit if tho child just indicates, for example, that 57 
has a 5 and 47 has a 4. You might use something like, "If I 
had this many pennies [47] and you had this many [57], how much 
more would you have than I do?" 

4. Continue with the other sheets having pairs of numbers written on 
them. Ask the child to draw a ring around the number which is 
(bigger) and the to tell hew much (bigger) it is. Record "how much 
bigger" on the sheet with tho pairs of numbers. 



Comment. 



The principle of discovering and using the child's own language for 
concepts has an innediate intuitive appeal for one trying to assess 
the thought processes of the child. There is at least one instance 
in the literature of an investigator being mislead about a child's 
level of maturity by the incongruence of the child's language and 
that of the investigator. In the present context, some children 
will be lead by an interviewer's word choice to compare the physical 
sizes of two numerals rather than the magnitude of the numbers they 
represent . 



eric 



^Substitute the child's word for "bigger" here and wherever this expression 
appears subsequently. 
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Task II. Digit cards. 



Procedure s. 

1. Introduce these as " cards to make numbers with." 

2. Present the first set (7 and 8) and ask, "What numbers can you make 
with these? 11 Record his constructions, 

3. TVs the child constructs a numeral, ask "What is that number?" Re- 
cord his reading, 

(a) Prompt the child as necessary in constructing and reading. The 
object of this phase of the task is to make sure the child is 
seeing a construction as a single numeral rather than as only 
discrete digits. 

4. After he has constructed both 87 and 78, ask the child "Which of 
those two numbers that you made is (bigger)?" 

(a) If he responds "8", reform 87 and 78 and repeat the question, 
emphasizing the "two numbers that you made, 87 and 78." 

5. Present the next 3 sets of digit cards in turn and in each case ask 
the child first to "make the very (biggest) number you can with all 
these cards." Then ask him how he would say that number. Next ask 
him to r, make the very (smallest) number you can using all these cards. 

(a) Present the cards by laying them out before the child in an 
unarranged group rather than in a row. (There is no need to 
touch them between the "biggest" and "smallest" tasks.) 

(b) If he only uses some of the cards for a task, ask him again 
to use them all. 

(c) In each case record at least the child's final construction. 
(Record as much as you can of the succession of partial con- 
structions leading to the final response.) 

(d) Record his reading of the "biggest" construction in parentheses 
beside the record of his construction. 

(e) On the third set of cards sane children will (cleverly) con- 
struct "00257" for the "smallest" number. Record and accept 
this, but ask the child then to make the smallest number using 
all the cards but so that the "zeros are not in front." 

6- Present the sheet on which 746 is glued and explain, "I've got a 
number glued down here: 746. What I want you to do is take these 
cards and make a number up here [indicating above 746] which is 
(bigger) than 746." Give the child the digit cards tucked under 
746. Record his construction. 

(a) In this and the two subsequent tasks, read the glued numbers 
in full, as "seven hundred forty-six," etc. 

7. Present the sheet on which 476 is glued, and explain similarly, 
"Now I've got another number glued down: 476. This time make 
a number down here [indicating below 476] which is smaller than 
476." Give the child the digits tucked under 476. Record his 
construction. 

8. Present the sheet on which 814 and 736 are glued, and explain, 
"This sheet has two numbers on it: 736 and 814. This time I want 




you to make a number that is between these: above this [indicating 
above 736] so it's (bigger) than 736, and below this [indicating 
below 814] so it's (smaller) than 814." Give the child the cards 
tucked under 736. 

(a) Repeat and amplify as necessary. In particular you may need 
to emphasize that a single number is to do both jobs at the 
same time. 

(b) Record the construction, 

C omme nts . 

3 This task will provide nore information about the child's numeral 
reading (a tendency to reverse digits, in particular), but is pri- 
marily a final opportunity before the main digit cards tasks to 
ensure that the child can treat a construction with digits as a 
single numeral. 

5(c) It is not difficult, and often informative, to record the succession 
of partial constructions by recording from left to right each digit 
as the child places it. When a child deviates from a' left-to-right 
construction (by inserting a digit between two already placed, 
changing the order of placed digits, etc.) , just put a dash after 
the preceding record and then record the full digit sequence result- 
ing from the deviation. For example, the record ,! 27-25-2457 ,! indi- 
cates the child was firm in his initial choice of "2" to begin the 
"smallest" number with these digits, but that he had to try several 
alternatives before he was satisfied with the order of the remaining 
digits. It also indicates that his final response was constructed 
deliberately and rationally rather than randomly or unthinkingly. 

5 (d) Reading responses are of two types (sornetimes intermixed) . For the 
type in which the child uses the words "hundred," "thousand," 
"million, etc., ude abbreviations "H", "Th," "M," etc. Thus 
"seventy-five thousand and twenty-four" as a reading of "7524" may 
be recorded "75 Th 24." For the type in which the child reads off 
single digits and/or2-digit numerals, use dashes. Thus "seven, 
fifty-two, four" as a reading of "7524" may be recorded "7-52-4." 
The child's reading of his construction may provide a clue to his 
thinking. If he reads his "biggest" construction, 7254, as "72-54" 
one can see that even though he is not coordinating all four digits 
properly, he is thinking adequately in terms of digit pairs. Thus 
his thinking is at some intermediate stage of maturity. Note that 
you would have no right to conclude from just the construction itself 
that the child was thinking of digit pairs: thus the usefulness of 
his reading. Another instance that arises is the reading of "70052" 
as "7H52." This response is indeed the "biggest" numeral that can 
be constructed with these digits when numerals for "hundreds" are 
thought of in this fashion. (It is of interest to compare such an 
instance with the child's responses to the Writing Numerals task.) 
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MAGMITUDE (Record during interview) 



57, 47 

832 v. 842 
573 v. 673 



Child's word for "bigger" 
How. much (bigger)? 



Circle (bigger) . How much bigger? 
Circle (bigger) . How much bigger? 



"Cards to make numbers with" 



7, 8 



2,4,5,7 



1,4,4,5,7,8 



0,0,2,5,7 



3,5,7 



4,5,8 



2,5,7 
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Kliat numbers can you make? 
Mat is that number? 
Which of these is (bigger)? 



[Prompt as needed] 



Biggest (Read each one) 



Smallest 



7% 



11 G 



Make a number up here which is 
bigger than 746. 

Make a number down here which is 
smaller than 476. 



1 3 I 



Make a number that is between these: 
bigger than this and smaller than this. 



001 KITING 



Materials, You will use the flowcharts "Ones" and "Tens "to determine success- 
ive starting points from which the child continues to count 
after his initial count. 
You will probably need blank sheets of paper and a pencil. 

Task I. Counting by ones. 

Procedures . 

1. Ask the child to count to 40. 

(a) If he hesitates, start him off with a remark, "You know: one, 
two, three..." 

(b) With younger children you may want to ask initially how far 
they can count. If they give a number less than 40, ask them 
to count up to that number. If they give a number greater than 
40, ask them to show you by counting just to 40. 

2. Using as starting points numbers determined by the flowchart "Ones" 
(as described below) , say, for example, "Suppose you kept on counting 

, and you got to 68. What would be the next number after 68?" 

(a) For starting numbers which end in 8 or 9, continue asking "And 
the next number after 69?", "And the next after 70?", for exam- 
ple, until either the child has reached the next nunber that 
ends in 1 or given an incorrect response. For starting numbers 
which end in 0 or 1, continue asking for the next number until 
either the child has readied the next number that ends in 3 or 
given an incorrect response. 

(b) When either the child hesitates or stumbles over the number be- 
cause it is just too much verbiage to keep in mind or when ho 
makes an error, write the starting number down for him. Say 
something to the effect, "That's a long one. Here, let me 
write it down. Maybe you'd rather just write the next number." 
Once you write a number, write the starting numbers for the rest 
of the task. 

3. Following the flow chart. There are 3 basic rules: 

(i) If the child gives all correct responses following 
a starting point, follow the "down" arrow for the 
next start. 

(ii) As soon as the child makes an error (after also hav- 
ing seen the number written) , follow the "right" arrow 
for the next start, 
(iii) The task ends when you reach "END" . 

COTnent^s. 

2(a) Asking the child successively to give the next number rather than 
merely continuing to count avoids the problem of having to stop 
the child. You always want to avoid interrupting a child and pos- 
sibly disconcerting him. 

2(b) Since the task is not intended as a test of short term memory, but 
of number sequencing ability, you need not hesitate to give the 
child the advantage of seeing the numeral as well as hearing the 
number word. One merely saves time and simplifies the procedure 
by not writing minerals until necessary. 



3 By examining a child's path tlirough the flow chart you can determine 
at least two things with a fair degree of confidence: that the child 
has mastered (forward) sequencing of numbers of: up to N digits (N 5) , 
and that he can sequence numbers of up to M digits within a decade. 
Not surprisingly, M is usually greater than N. 

Task II. Counting by tens. 



Pr oced ures . 

The procedures are similar to those for counting by Ones. 

1. The initial task is to count by tens to 250. 

(a) As with Ones, start the child with n ten, twenty, thirty..." if 
he hesitates. 



2. Ask the child to give the next numbers from starting points deter- 
mined by the flowchart "Tens 1 in the same fashion as with "Ones. 11 

(a) Write the starting number as necessary and give the child the 
option of writing his response. 

(b) Continue after each starting point either until the child makes 
an error (after also having seen the number written) or reaches 
a number ending in 10 (when the starting point ends in 80 or 90) 
or reaches a number ending in 30 (when the starting point ends 
in 00 or 10) . 

(c) Be sure to repeat "the next number c ounting bj£ tens" for each 
new starting point. 



COUNTING (ONES) 



(Count to 40) 



68 (to 71) 



80 (to 83) > 51 (to 53) 



297 — 
(to 301) 



4,998 6,499 

(to 5,001) (to 6,501) 



-y 259 



(to 261) 



I 



3,148 

(to 3,151) 



-> 371 



(to 373) 



1 



-> 4,761 



(to 4,763) 



I 



END 



END 



END 



END 



END 



END 



END 



26,999 >- 39,299 *■ 58,269 62,371 »- END 

(to 27,001) (to 39,301) (to 58,271) (to 62,373) 
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COUNTING (TENS) 



(By tens to 250) 



680 — *. 800 « * 510 • END 

(to 710) (to 830) (to 530) 

I 

i 

2,970 ^ 2,590 >■ 3,710 > END 

(to 3,010) (to 2,610) (to 3,730) 

1 V 

49,980 *~ 64,990 => 31,480 >- 47,610 *• END 

(to 50,010) (to 65,010) (to 31,510) (to 47,630) 

,, \ r v 

END END END END 



Remember "next number counting by tens'' with each new start. 
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ALGOItfTIlMS 



Material s . You will use the record sheets on which the exercises are 
written down the side. 
The child will work on the (unlabeled) sheets over which the 
exercises are spread. He will need a pencil, and poker 
chips should be within his reach. 

P£0£edures - . 

1. Explain, 'I'd like you to show me how you add numbers. I'll give 
you some problems and I want you to tell me how you figure them 
out. 11 Present the addition problems. Indicating the first one 
say, "Tell me what that problem says. 1 ' Then, "O.K. Work it out 
and tell me how you do it." 

(a) Many children will not "think aloud." Once the child starts 
to work silently don't interrupt him. When he has completed 
an exercise ask him how he did it. Sometimes a child will 
interpret this request as a signal that he has made a mistake, 
and he will start to erase his answer. Whether he has made an 
error or not reassure him that he can change his answer if he 
wants to but that you were not telling him he was wrong, and 
then reiterate, "I just want you to explain how you did it." 

2. While the child is working record as much as possible of his rele- 
vant non-verbal behavior. (Do this to the side of each exercise on 
the record sheet.) 

(a) Draw an arrow beneath the exercise on the record sheet to indi- 
cate whether he worked (wrote his answer) from right to left or 
from left to right. 

(b) Record any overt counting behavior (use of fingers, tally marks, , 
chips, etc.) and the nature of his counting (counting from 1 

vs. counting-on or counting-back). Even when you show by your 
attitude that you don't consider fingers a no-no some children 
will use their fingers in a surreptitious manner. This makes 
determining the nature of their counting very difficult, and 
you just try to draw them out with an accepting sttitude. 

3. Probe the child's verbal responses and behavior to the extent that 
you will be able to assess his thought on the following dimensions 
(described below) . 

(i) Number processing, 
(ii) Numeral processing, 
(iii) Verbalization in terms of place value (as appropriate) . 

(a) Confident assessments on these dimensions is an ideal seldom 
attained. However, if you enter the situation having in mind 
what you are looking for you are more apt to find it than if 
you ask random questions and try to draw conclusions from the 
answers afterwards. The probing must be adapted to the child 
and what he has done. There is no way to anticipate all the 
contingencies. 

(b) Verbalization in terms of place value is not applicable if the 
child does not deal with digits as constituents of a numeral. 

4. Follow the same procedures with the subtraction problems. 

EMS i;a 



Carci)ents ♦ 



1 A child's reconstruction of what he did is not reliable. This is 
the reason for trying to get him to "think aloud" as he works. 
However, this reconstruction may confirm observations of non-verbal 
or subvocal behavior made while the. child was working. Sometimes 
the explanations after the fact are the only way you can tell what 
the child was doing. (In one case the interviewer was baffled by a 
third grade child's solution which proceeded: 

48 2 48 2 48 2 48 
+76 " '* +76 " * +7 6 " ? +76 
0 30 

Then the child explained that she "borrowed from the 6," indicating 
the 6 and 4, "had 2 left so I put that up there - then I counted. 1 ' 
That is, she subtracted 4 from 6 to get 2, then counted to add 6+4, 
getting 10. She then wrote 0 and carried 1, adding it to 2 to get 
3. This is not a typical procedure, but neither is it unique in 
its bizarre quality.) 

2 This recording is not cut and dried either. You can usually do the 
things suggested, but you will have to adapt to the unexpected. 

3 Although you want to get as much understanding of the child's thought 
as possible, it is good to keep in mind the principle that if a child 
does something deliberately and rationally onco he will most likely 
do it again. Thus there is no need to push a child up against the 
wall to make sure you know what he is thinking on any single example. 
After a certain point let it pass and see if you can pin him down 
better on the next exercise. 
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DESCRIPTION OF TIE DIMENSIONS ON iJHICH THE CHILD'S THOUGHT IS ASSESSED 



Number Process iiyj . in solving addition and subtraction exercises a child 1 s 
treatment of numbers and physical embodiments of numbers can generally 
be placed on one of the levels of the Number Processing hierarchy which 
follows (adapted from W.A. Brownell) . 'Note that placement on this hier- 
archy is independent of the child's accuracy in counting or in recall of 
basic conbenations . Accura cy should be note quite separately from thought 
orocess. The levels in the hierarchy follow. 

(i) Simple com ting. In adding the child displays or counts 
out both addends and finds the sum by recounting from 1. 
In subtracting the child displays or counts out the minuend, 
"takes away" the subtrabend, and then counts the difference 
from 1. 

(ii) Counting-on and count ing back. In adding the child starts 
counting from one addend, displaying or counting out only 
the other addend to determine when he should stop counting. 
In subtracting the child counts back from the minuend to 
the difference, not having to recount the difference. 

(iii) Solutio n. The child solves a given combination from another 
which is recalled (even if incorrectly so). For example, 
"8+8 is 16, so 8+7 is 15. 11 

(iv) Recall . The child siinply "knows" a combination without cal- 
culation. (Brownell was concerned with the important dis- 
tinction between meaningful recall and mere rote recall. 
This distinction and its detection are not considered here, 
but is partly covered by Numeral Processing.) 

Nintcral P rPCjessing. This dimension concentrates on the child's treatment of 
numerals in wrking algorithms, though of course it is impossible com- 
pletely to separate consideration of numerals from the numbers they 
name. The categories in the hierarchy are constructed from examination 
of children's actual responses. However, the ordering of the levels 
is logical and is not meant to imply a progression of mental development 
of an individual child. As in classifying number processing, this 
classification is made according to the process irregardless of accuracy . 
(See next page for hierarchy.) " 

Verba lizat ion. In the case of a child who utilizes digits in working algo- 
rithms you can note whether he spontaneously uses the words "tens," 
'hundreds," etc. (or "twenty," "six hundred," etc.). If he does not 
will he do so under probing? (If he writes ^24 and says "carry the 

+37 
f 

one," how does he respond to "Do these two ones mean the same tiling?" or 
"Why did you write one here and one here?" 
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HIERARGIY OF NUMERICAL PROCESSING 



(i) Numerals as indivisible wholes. The fact that 
numerals are composed of digits is ignored. 
Numbers are typically tr r :^ted as endpoints 
of a count.* 



(ii) Digits in unlike places not distinguished. 

The child utilizes the digits of which numer- 
als are composed, but does not distinguish 
digit values determined by the places occu- 
pied by the digits. 



(iii) Digits in like places combined in isolation 

from other places. In adding the child either 
fails to ''carry 11 or writes a 2-digit sum in 
one "place." In subtracting the child fails 
to "borrow" and either subtracts the lesser 
digit (kn the minuend) from the greater digit 
(in the subtrahend) or writes 0 as the 
difference. 



(iv) Incorrect interaction between places. In add- 
ing the child ''carries' 1 from left to right. In 
subtracting the child "borrows" from a non- 
adjacent place. 



(v) Correct interaction between places. 

*In special cases this process may be 'the most mature: 
less mature than using the fact that "add V is synony 
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TYPICAL EXAMPLES 
Addition Subtraction 
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to add 299+1, for example , place by place with "carries" is 
ous with "next ninber in the counting sequence." 
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1. Always phrase questions "How would you...? n or "to con you figure 
out... ?•' or ''Mat is...?" rather than "Can you...?" or "[to you 
know...?" One of the main objectives is to learn how a child thinks, 
how he relates or applies the numeration system in various contexts. 
Thus you will not be interested in whether a child thinks he can or 
can f t do something, but in how he does it. Thus if you ask a ques- 
tion to which he can respond "yes" oiP'no", you still have to ask 

a "How," "What," or "Why" question. This is not meant to suggest 
that it is inappropriate to insert such questions as "OK?" or "Would 
you do that for me?" which not only make the interview more amiable, 
but also give opportunities for the child to signal when he is too 
tired to go on. 

2. Don't be pushy or rush the child. After you ask a question or pose 
a task give him some thinking space. For example when dictating 
numbers for him to write, don't repeat the number unless he gives 
you a clear signal that he wants you to. Your judgment about when 
to repeat, change or drop a question will probably be right if you 
are aware simply of the tendency of most people not to tolerate 
silence. 

3. Do not give the child approval or disapproval during a task, but 

do be overtly accepting of all he does. ("OK.") That is, do respond, 
but without value judgments. After the task thank and/or praise 
the child for doing the task. 

4. You should not give the child feedback on his responses even when 
he asks for it. ("Is that right?" "Should that have one or two 
zeros?") Pass such requests off as gently as possible, ("I want 
to see how you would do it." "I just want you to do the best you 
can" or v, ...tHe way you think it ought to be.") At the conclusion 
of the interview you can go back to any such questions. This- 
teaching is, of course, the most enjoyable part of the task and you 
will probably find that restricting it to the end goes very much 
against your teacher instincts. Of course the ultimate aim of setting 
such tasks for children is to have immediate information on which to 
base teaching. However, if you teach during the interview you will 

be unable to distinguish stable responses from transitory responses 
resulting from your help. 

5. Don't interrupt the child more than necessary. The necessity for 
interruption can usually be avoided by setting or implying limits 
to responses as in the Counting task in which you ask the child to 
give only the "next" number rather than simply to continue counting. 

6. " Don't explicitly make the number-numeral distinction for the child. 

In fact, there should be no need for you to use the word "numeral." 

7. Have the child sit on your right-hand side. Since most children are 
right-handed you will then be able to see more easily what he is 
writing. 

8. Have several pencils and a stack of blank paper available. 
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Before you begin interviewing you need to write the numbers in the 
Head list on, say, 3x5 cards. These si>ould be in your hand so the 
Read cards you make up during the interview from the child's Write 
errors will look like the numerals in the rest of the Read deck, 

A final word: As formidable as this interview procedure appears 
from this description, you will be able to relax with it after 
you've done it a couple of times. Kids do enjoy it— to the extent 
that there is no dearth of. volunteers by the second day you go in. 
Furthermore, teachers usually feel the observations made fron the 
interviews are helpful and more relevant than usual diagnostic 
work. 




"CVRRXMNH 1 llESTTOMS 
How tall are you? I 
How high is this room? 

How high with kids? (how many kids you' size standing on each others shoulders— 

to get to ceiling) 

Do you know someone in another city? i far? How do you go there? How long does 
trip take? 

How many beans in bag? 

How much does the bag of beans cost? 

How much does a new car cost? 

How much do you weigh? 

How much does this table weigh? 

How much does a car weigh? 

Draw inch, foot, centimeter. 

Show yard. 
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Appendix D: Summary of Teacher Questionaire Results* 
Introduction 

The questionaire is reproduced below just as it was administered, 
with summaries of responses filled in as appropriate- The questionaire 
was administered in late May and Early June of 1974. Thirty-nine 
teachers from local elementary schools (public and private) responded. 
See 3.2 of the main report for additional details. 



Survey of Hyde Pat k Teachers Ab> at the K-G th Grade fo them atic s pro gram 
(Maxwell, U. of Chicago, May-June 1974) 



Koto to teachers: 

Many (perhaps most) adults culirut that they don't know much rmtherratics 
and arc not able to use math very well, which perhaps indicator; that the school 
experience in urcthem:: tics could be improved. M:my people have given proscrip- 
tions about wlnt "ought" to ixi doiu: a . >ut thi:; but their notions may have little 
ifclationship to the situation as u;c:n by working teachers. This survey secies to 
^T55nsult tc:v.;hers directly about what * dings might 1x3 done in this local school 
system (public and private) to help youngster!; loam nuiUicuiaLj.es better, I can 
make no particular promises, but I bolicvc tliat if specific problems can be 
identified, ways to work on them cam ba found. 

Responses to this survey will, of course; )vj treated confidentially and 
data from individual teachers or echoes will never be released. 7vn overall 
sunirary of responses will )>a shared wiuh participating teachers. 

We recognise that some of the qu...;tions miy bo difficult to respond to in 
the fona given but please give us as :4 .xxl an divjwor as you can to every item. 
Ke are more interested in the general picture Uian precise details. If you need 
avore space to corrment on any itein, uc. the took of the sheet. 

As a token of appreciation for y. ar help, we want to send you one of the 
books listed at the end of this survey fona. Please recoul your summer address 
on the last page and indicate which bv>k you prefer. 



9 
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*This is an appendix to M. S. Bell, Explorations int o Ways of Improving 
£he Elementary Mathematics learning J3xj?erience , a report on a project 
supported by NSF grant PES 74-18 { - )8. 
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School ^ Grade level you now teach 

39 respondents 

I. Resources available to you: 

A. Which mathematics textbook series do you use in your classroom? 

... . , , , , I, i i - — * 



How do you like it? 


(Response) 
—None 6 




T 


+ 




SMSG 


1 


0 


5 


What are its advantages and disadvantages? 


AW 


0 


2 


2 , 




n-M 


0 


6 


3 




GCUP 


1, 


0 


0 




Laidlaw 




1 






S Burd . 


3 


0 


0 




Other . 
Blanfc" 3 


0 


2 


2 



B. Put an "F" next to any of the foliating "alternative" mathematics programs 
that you are familiar with. Put an "A" by those you have access to, and a 
"U" by those that you actually use in your classroom. (Any or all of these 
symbols may appear for any particular materials.) 

Familiar With, Use 
Nuffield Mathematics Program 17,5 Dienes tot 'Is 9,3 

Laura Rasmussen's Pupil 11,2 ' Madison Math Project 18,3 

Other Drill and Practice Workbooks SMSG 15,6 

or worksheets (specify) 15,12 rw**** ia n 



Math Workshop (Wirtz, Botel, Sawyer) 8,4 

Stretchers and Shrinkers (UICSM) 4,1 
Other printed materials (specify) 10,10 



C. What tine is allocated to mathematics in your classroom (e.g., "30 minutes per 
day, "40 minutes on throe days/ 1 etc.) * 
Blank 0-10 11-20 21-30 31-40 41-50 51-60 
0 1 2 14 10 5 



Meaner 43 minutes 
* Converted to time each day 
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Put an "P" beside the following ma* i.pulativo materials with which you ore 
familial*, an "A" beside those to which you have access, and a M U U beside 
those which you use is\ your classroom. 

Familiar, Use 

Tangrams 22,4 



Cuisenairc Rods 35,9 
Gcoboards ,34,13 
Number lines 35,17 



Multibase Blocks 19 > 1 
Attribute Blocks 19 » 3 
Graph Papsr 34,15 

Calculators (what kind?) 
Electronic 1 , 1 Dial-a-Ma tic 3 , 3 

Unspecified 9,2 

Slide Rules (what kind?) 
Home-made 1,1 Variety 2,1 
Unspecified 7,0 



Balances 24,11 



100 Number Boards 26,10 
Building Blocks 23,5 
Games (specify) 



22,7 



Other (specify) 17,7 



Counters (e.g., poker chips, counting blocks, beads, etc.) 
(specify) 27,17 



List in-service workshops in math&natics you have participated in since last 
June, with the subject and the organization that offered it (Bd* of Ed., 
Tchr. Center, etc.). "Grade" each from "A" (excellent) to "F" (flunk). 



Are you aware of the services offered by the Teacher Center located in the 
YMCA building on 53rd Street? Yes-26; No -6; Blank-7 

If yes, how do you make use of tliose services? 

None Rarely Make Materials Math Workshops General Workshop 



15 


2 


1 


1 


6 





Are you aware of the mathematics/science laboratory in Judd Hall at the Uni 
vcrsity of Chicago? Yes-7; No-2 5; Blank-7 

(Most teachers are v not; we may need to do something about that.) . 



1 
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IIA — Are you happy with your math program? Explain. 



6th: When they come to me, kids have only mastered addition and (not al- 
ways) subtraction. I spend most of the year teaching multiplication 
and division. 

3rd: I don't feel I ever enjoyed math but am beginning to enjoy teaching 
it at this level. However, I don't feel very secure. I want to mas- 
ter early math so that I can get my children to en.joy it as well as 
just pick up a skill! 

7-8: Entirely too formalistic and/or traditional as now taught. Programs 
should be divided (a) conceptual, (b) computational, (c) correlation 
of both. 

5th: I have not had enough time or help to meet individual needs. Because 
of large numbers of slow learners or behavioral problems individuali- 
zation has been difficult — sometimes impossible. 

5th: I would like to be more prepared for new methods. 

4th: OK, but the majority of the students have not learned the basic facts 
of 'addition, multiplication, etc. and much time must be devoted to 
this. 

4th: OK, but there should be more opportunities for the students to explore 
on their own. 

7th: My class understands new concepts but has difficulty retaining ideas. 
(I teach some 7th grade students who are performing at 2nd to 4th 
grade level.) 

7th: There should be more materials and time to meet a wider range of abil- 
ities than we now do. 

8th: I think math teachers need to be more expert in their field. The 
problem in our school is that we have no math teacher per se — each 
of us has a specialty (social studies, science, language arts) and 
we each teach a reading and a math class. 

8th: Children no longer have the skills in fractions, decimals, and per- 
cents necessary for advanced work. 

3rd: (1) Better integration with other grades needed. (2) Need more mani- 
pulative materials for concept development. (3) Pupil-teacher ratio 
of 1/25 is not reasonable given the ability range. 

5th: I'd like more manipulative materials; budget is a real problem. 

5th: Need more variety 

y > 

K: I feel I need to understand Piaget better. My personal goal involves 
more study of the five year old mind in order to provide better math 
experiences of all kinds. I do feel one cannot separate math in kin- 
dergarten—the subject is thinking , not math, science, etc. 



I'M 
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2nd: I have just finished writing and rewriting supplementary materials 
for a multi-age or open classroom. Now it's all printed and avail- 
able and I am ready to 3tart over again. I miss messing around with 
homemade junk. There are however, nice aspects about it. 

3rd: Yes! I sometimes (it varies with year, month, week and day) feel 

that I haven't done enough! But I thoroughly enjoy doing it always! 
I am always finding something curious, intriguing exciting; really. 

4th: Not really. Too much of the year is taken up by what I see as grade 
level expectations (becoming proficient in understanding and use of 
operations). Not enough time to do other things as work in geometry, 
rationals, sets, logic, etc. 

Lrng Not really. I would like to have greater insight into math and how 
Lab: to teach it. 

2nd: Mo. SMSG is going out of print, and there needs to be a central area 
in our school for stocking a great variety of manipulatives. 

1-2: Not entirely. Children understand basic concepts but I can't see 
3rd graders still counting on their fingers. Once a solid under- 
standing is established children can learn number facts by heart. 
I've approached this as a game in the last few weeks and the children 
enjoy it. 

7-8: Mo. There are too many "gaps" in students' backgrounds and classes 
are too large for individual tutoring. 

Special Ed: Not especially. Would like better materials. Want to be 

given opportunity to become familiar by having publishers reps come 
to school with goods as we did this year with reading program. Dis- 
like new math, perhaps because of own poor background • 



II. 

A. 



Your opinions: 

Are you happy with your math program the way it now stands? Explain. 
See summary of comments, above 



B. Rate each of the following with respect to its potential for helping youngsters 
learn mathematics tetter. First consider what might help in your own class- 
roan, then what might help in the generality of classrooms in this ccmmmity. 
Use a number as indicated by the following scale: 

1 ? 3 4 5 

Unnecessary Would help but Would help 

or is not especially very much 

wouldn't help important 
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2. 



3. 



4. 



5. 



6. 



7, 



Distribution: 
Help the teacher learn more about mathematics 



Your 
classroom 
B* 1 2 3 4 5 



itself or help make the teacher more confident 
of his or her own competence in mathematics. 
Averages: 3.94, 4.58 

Help the teacher loam more about how to use 
manipulative and laboratory materials in the 
classroom. 

Averages: 4.03, 4.42 
Make available more or better printed ^matcrials 
such as workbooks, work cards, drill sheets, 
and so on. 

Averages: 3.91, 4.25 
Make available more or better manipulative 
materials. 

Averages: 3.97, 4.25 
Provide help in diagnosing learning difficulties 
in mathematics and prescribing additional work 
for those youngsters with poor understanding or 
skills. 

Averages: 4.29, 4.65 

Find better ways of handling those few youngsters 
wl>ose behavior patterns make it difficult to work 4 
with the class; i.e., help with youngsters who are 
"discipline problems" or who simply demand nvore 
individual attention than most teachers liave time 
to qive. v 

Averages: 4.09, 4.81 

Matuumatics specialists or consultants expert in 4 
mauicmatics and the teaching of mathematics readily 
available to classroom teachers. 

Averages: 3% 43, 3.97 t nn 



4 2 4 6 5 18 



4 3 2 4 8 18 



4 4 2 5 6 18 



5 4 1 4 8 17 



4 4 0 2 5 24 



1 4 7 2 21 



5 3 9 8 10 



Many other 
classrooms 
B*T 2 3 4 5 



6 1 0 3 4 25 



6 0 0 7 5 21 



7 1 1 5 7 18 



7 2 1 2 9 18 



8 1 0 1 5 24 



8 0 0 0 6 25 



7 1 3 7 6 15 



*Blank 



Your 
classroom 



Many other 
classroans 



8* More assistance in the classroom by use of parent 3 
volunteers or teacher aides or university students 
in training to teach or older children/ etc, 
(Assume that such extra hands v/ill have had scene 
training in helping out with the mathematics 
learning experience.) 

Averages: 3.72, A. 13 



3 3 10 5 15 



9 1 1 8 3 17 



[Add to this 1* st your am ideas about what might help a lot in improving the 
elementary sc' x>l mathematics experience.] 

See compilation of responses/ on following three pages - 

9. (Your idea) 



10. (Your idea) 



11. (Your idea) 
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C. Of all the things listed above, including those things you may have added to 

the list, which one would help you personally the most? 

Which one do you believe would be the most helpful to many other teachers? 



Blank 

1. Mach. Course 

2. Manip. Course 

3. Written Materials 

4. Manip. Materials 

5. Help with Diagnoses/remediation 

6. Help with Discipline 

7. Consultants 

8. Aides/Volunteers 

9. Other 



You 



7 
6 
3 
1 
1 
3 
1 
2 
6 
9 



Others 



12 
5 
3 
2 
1 
3 

,1 
4 
1 
7 
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II B 9: "Rate each of the following with respect to its potential for 

helping youngsters learn mathematics better. . .. Add to this list 
your own ideas about what might help a lot in improving the ele- 
mentary school mathematics experience/ 1 Here are the additions: 

3rd: There are many teachers like myself, who do not see the whole picture 
of math; that is, where does it go from year to year and what end results 
are we striving for. If more of us did, the primary teachers would proba- 
bly'do a better job. I also personally feel that the biggest burden of 
this problem of non-achievement and negative attitudes of math rests with 
us. I don't mean that every child must be on grade level but we have got 
to be doing something wrong when the average child has problems adding and 
subtracting in 4th and 5th grade. I find that most other teachers don't 
understand mathematics any better or as well as I do. As a matter of fact 
many of my colleagues don't even teach addition and subtraction as rever- 
sal operations, and I am angry when I get a second or third grade claos 
where there has been no system to their earlier teaching. I find in third 
grade I can't cover the curriculum because they don't understand tens and 
ones, commutative principles, etc. 

5-6: Parent education in this area may be of great value. Many parents 
today seem to feel that the math being taught is so completely different 
from the math they learned that they are most hesitant to give help to the 
child at home. I feel that very often the message conveyed to the child 
is that "this is such a difficult subject that even the parent cannot mas- 
ter it so how can the child?' 1 I also feel that terminology has confused 
teachers as well as children in understanding and explaining certain very 
basic concepts. 

5th: (1) More individualization of program - making each child have suc- 
cess at his own level. (2) Using more teacher-made materials better , suited 
to each child - games, puzzles, etc. (3) Would like to have more peer- 
tutoring and also older-child/younger-child tutoring. 

EMU: In service during school year in Math. (Every 2nd and 4th Tuesday). 

5-6: (1) A self-teaching text — not discovery alone. Some children 
never arrive at the idea the author has by himself. (2) Mini-units in- 
dependent of the text for reteaching areas that a child may not have ab- 
sorbed at an earlier level. Gdod for review; brush up on skills. (3) Loose 
leaf or duplicating master text: Hand back with examples and explanations 
only. Initial presentation of whole idea. Many pages for step by step 
development and comprehensive end of chapter reviews. Makes self pacing 
possible. Also extension materials for able students. 

5th: More parent involvement 

8th: Real work through in-service on metric system 

8th: Return to skill building— fractions in Ath, decimals in 5th, percent 
in 6th, pre-algebrd-~in 8th. 
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4th: A qualified teacher to Rive extra help for the children who fine! 
math difficult* A parent could come under this category, perhaps one who 
was a teacher but not teachinC now* 

2nd: (1) Not seeing math as workbook but experiencing a lot of variety, not 
just computation* (2) Using manipulative materials to prove a point (3) 
It helps to have correcting books be a shared activity with children so 
they can work (A) Teachers need to know that children who are scared 
can't see relationships! Feel stupid when don't understand. Teachers 
need to stop saying M but don't you see*.* ,! and figure out a way to make 
it clear* 

2nd: A math lab (in our school preferably) where books, manipulative 
materials, etc*, are available to examine* 

3rd: Math should be taught at the start of the day. By the last period 
the children in grade 3 are pooped (so is teacher)* 

3rd: (1) No set criteria be imposed by the next higher grade level pro- 
ducing pressures more cross-grouping (age-wise) of children according 
to abilities (2) More tutorial help of older children to younger ones - 
great for the "discipline problem" older kids* (Example: first and sixth 
graders) We have a regular reading program of this sort* (3) Main 
t hought : math should be an integral part of the day and not a "set aside" 
period* 

4th: (1) Give teachers courses in math (not method teaching) so that they 
can feel the fun of doing math. (2) Give teachers workshops in making their 
own manipulative materials* (3) Decrease class load. 

5th: Since math is not my main interest, I'd like a consultant to discuss 
side trips that can be made from the text used. 

K: Beyond the pre-school age, my ideas are not important* I lack the 
experience and confidence* But I do have this feeling: most of the N-2 
teachers would be more interested in a workshop dealing with children ages 
4-7* This age group is always passed over quickly so as to get to the mul- 
tiplication tables* In other words, K-8 covers too much territory* We 
would like to be able to apply what Piaget tells us about the 4-7 year old. 

2nd: (1) A place to go to talk about and make manipulatives, like your 
office, not the teachers center which isn't "open" enough. (2) Continu- 
ing workshops to discuss problems related to math learning in the class- 
room* (3) Ideas for relating ninth experiences to other areas of the class- 
room* I*e*, art, science, reading* ("Ideas" » dialogue about*) 

3rd: (1) My Airplane Flying Activity for graphing ^computing averagas, de- 
veloping fine skills* (Inexpensive-^ used yearly — successful. ) (2) 
Graphing and mapping /school rooms (or home) and ,adjacent areas Geometry 
scale drawing, etc. (3) maasuring , gross to fine # Use of two disparate 
measuring devices«r- metric balance and 3 meter rule for instance. Every- 
thing is measured, from classmates to egg shell thickness (varies through- 
out egg!). 
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4th: (1) Less fixed curricular expectations so that a child (or group) 
who suddenly becomes interested in some concept can pursue it fully. 

(2) Time (and perhaps help) to work out curriculum ideas — perhaps to 
write a unit on history of numbers, or on permutations, combinations. 

(3) Somebody qualified (not necessarily a consultant — we 1 ye" had that and 
it has not been helpful) with x*hom to discuss various approaches to use 
with kids who have trouble or with kids who really fly with math. 

4-5: (1) Weed out pupils who have little or no interest in math; put them 
in a math manipulatives class. (2) Have math program set up for the year 
for a specific classroom of children rather than follow a textbook. 

(1) Learning to relate math to everyday living experiences. (2) Emphasis 
on speed and mental arithmetic, (3) A good crash course taught by an ex- 
pert in math who could provide a good overview of the teaching of elemen- 
tary school math. 
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D. Please enter a number in the blank following each statement according to the 
following scale: 



1. 
2. 



not at all 
a little 



3. 
4. 



a middling amount 



I enjoy teaching reading 

I enjoy teaching other language arts 
I enjoy teaching mathematics , 

I enjoy teaching social studies 

I enjoy teaching science 



feel competent to teach reading 



feel competent to teach mathematics 

feel competent to teach social studies 
feel competent to teach science 



B* 


J 


2 




4 


M*ian 


0 


0 


0 


6 


33 


3.85 


2 


0 


0 


4 


33 


3.89 


0 


0 


2 


12 


25 


3.59 


5 


1 


5 


6 


22 


3.44 


4 


7 


4 


15 


9 


2.74 


0 


0 


2 


8 


29 


3.69 


•ts 0 


0 


1 


7 


31 


3.77 


0 


1 


1 


15 


22 


3.49 


1 


2 


1 


12 


23 


3.47 


2 


5 


5 


17 


10 


2.87 



I think it is necessary for most students at my grade lev el to work on: 



reading 

other language arts 

mathematics 

social studies 

science 



1 
5 
2 
9 
11 



2 
0 
0 
2 
1 



4 
6 
2 
13 
12 



32 
28 
32 
14 
13 



3.74 
3.82 
3.78 
3.30 
3.32 



* Blank 

Please rank the following subjects — reading, other language arts, mathematics , 
social studies, and science—on the scale below. In each blank to the right, 
fill in the name of one subject area. Use each name only on.ee. 



Rank 



a) 
b) 
c) 
d) 
e) 



Probably is most enjoyable for me to teach: jtfnp. 



_LA... 



SS 



Probably is least enjoyable for mo to teac h s c l 



10. 



1 



_20_ 



-11 



10. 



XL 



Use the same ranking system and the seme subject areas for the scale be: 

B 



a) 
b) 
O 
d) 
e) 



I probably am most competent to teach: 



I probably am least competent to teach: 



Rdnr 



LA 



Math 



SS 



Sci 



11 



18 



low. 



16 



in 



2i 



Use the same ranking system and the same subject areas for the scale below. 



a) 


The most important subject for cliildren at 
my grade level to master is: 


Rdnft 


B 
5 


32 


1 


0 


0 


1 


1.15 


b) 




LA 


12 


2 


6 


13 


4 


Z 


2.93 


O 




Math 


id 


0 


12 


6 


1 


0 


2.28 


d) 




SS 


11 


0 


1 


5 


13 


9 


4.07 


e) 


The least important is: 


Sci 


8 


0 


0 


2 


9 


20 


4.58 



Avft 



1 - 



2.55 



2.65 



3-45 



4.29 



1.89 



2.24 



2.85 



3.43 



4.29 



241 



III. How can we help? 
A. Is there anything you would like to do yourself or to see done that 
would probably help kids learn mathematics yet would cost just a small 
amount of r.oney? If so, describe it briefly and indicate what it would 

6th: I'd like set of c-rods and some type of counter (e.g., abacus) 

3rd: In my 5 years of teaching my biggest problem was trying to accumulate 
good and varied manipulatives. Everything I have I bought, made or 
stole with the exception of this year when I used the balance of edu- 
cation funds. My own personal belief is kids have not played with 
enough manipulatives before they come to school which is c le reason 
math may be hard for them. Every year I get 4 or 5 children who 
can't count past 5, and who have no idea what 4 is . These children 
do not necessarily have a low I.Q. just very limited experiences. 

4th: A calculator, $40. 

4- 5: A calculator, $40. 
5th: A calculator, $35. 

2nd: PTA is making balances for my group and also providing more flash 
card materials. I will make a number line for each desk this sum- 
mer. 

7th: Develop discipline, scholastic curiosity, and humility in students. 
No cost. 

5th: Manipulative aids for the four basic operations as well as basic 
theory. Manipulatives on fractions or algebra. 

5- 6: I would like to see a class being taught mathematics on an individual 

basis. I don't know if this is cost related. 

8th: Metric materials, graph paper. $2/child 

2nd: I'd like to have a pocket calculator available — just a loan. Not 
sure how appropriate for 7 year olds, but... 

1st: More worksheets of the Lore Rasmussen type — a sense of fun about them. 

3rd: Graduate students available in our learning center with pooled math 
resources from all the teachers , manipulatives, accumulated materials, 
etc.* for use as needed. 

4th: Workshop to give teachers confidence in making their own manipulative 
materials. When teachers make their own materials, they have to think 
about basic concepts and skills. 



2nd: The availability of $50 to buy any material I need for use in teaching 
math. 
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3rd: $125-$250 (depending on number and cost — could be shared) electronic 
calculators for the classroom. (I've used yours!) 

4th: A place in which all new things (books, other printed materials, man- 
ipulatives, etc.) are kept on display where I could go to look, exam- 
ine, touch, play with, and then decide what to make, duplicate, or 
buy; or just to stimulate ideas. 

4-5: Have lots of dittoed sheets, one per day per child, with basic math 
word problems. * 

Lrng Initiate a project with a group of youngsters with the discovery of 
Lab: math used in everyday life. E.g., baseball, shopping for their par- 
ents (measure, $, etc.) games — such as horseshoes — involving measure- 
ment, observing skilled workers, etc. Project culmination would be 
a written log of such observations over a 3 month period. Pre & post 
attitude tests would be administered. ($100 for field trips, supplies 
and games.) 

♦ 2nd: I'd like to see a program built around found objects or recycled 
objects. ($0) 

Lrng I think students learn subjects that teachers feel competent to teach, 
Lab: No price tag can be placed on that! 

7-8: Don't know cost — but would like materials such as described in II-3 
above [workcards, workbooks, drill sheets, etc.]. 

Learning Disability: I'd like to make Montessori's long division set, 

(I have some of the materials.) I need more materials for measurement 
and transition to metric. 



III. How can we help? 



A. Is there anything you would like to do yourself or to see done that wuld 
probably help kids learn iratiiematics yet would cost just a smal 1 amount of 
money? If so, describe it briefly and indicate what it would probably cost* 

Probably cost $ # Description: 

See compilation of responses on preceding two pages. 



B. Wbuld you be interested in attending any of the following Mathematics cur- 
riculum workshops that are being offered at the University of Chicago this 
summer (see attached course descriptions) under either of the following 
coiviitions: 



1) for half-tuition ($200) and full credit? 

2) for no cost with no credit? 



June 24-July 12 



July 15-Aug 2 



Aug 5-Aug 23 



Applications of 
Mathematics: llam-2pn 



Learning and Teaching Basic 
Mathematics with Manipulative 
Materials : lpnv-4pn 

Correlated Activities for 
Teaching Basic Mathematics 
and Science: noon~3pm 



I Yes, no, 

: maybe 



Yes 5 
Maybe 2 



Yes 
'Maybe 

! 
i 

jYes 
'Maybe 



6 
3 



5 
5 



1) credit 

2) free 



C. The course on learning and teaching using manipulative materials may be 
offered fro:n about September 1 to December 10 a couple of days per week 
after school. If so, would you bo interested in taking it: 

1) For about $200 with full credit? Yes, No, Mayte *^es 14 

, 1 Maybe 14 

2) For no cost and no credit? Yes, No, Maybe 



D. 
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Would you be interested in joining other Hyde Park teachers in a discussion/ 
saninar about what we might cooperatively do to improve the learning of mathe- 
matics in local elementary schools? If so, indicate by a "yes" or a "no" 
b?low what times and subjects \\ould interest you. (This is not a cairnitment, 

just an indication of interest.) „ „ 

Yes n 

When? Maybe 3 A 

-*Juiy~15~Aug 2y-Tnaybc a couple of mornings per week \ 

—* August 5 - 23 , m yl^ra couple of mornings per week - j 

*During the Autumn, starting about September 15/ , 
maybe once a wee); for a couple of hours ^ 



1 .< 



What? 



^Diagnosis and remediation of mathematics learning 
problems 

*Better use of the great variety of manipulative 
materials and games and printed materials new 
available. We would examine them and discuss 
how to use them and how to wrk them into the 
everyday classroom experience. 

*Other (you name it) 



IV. Some information about yourself: 

A. Where have you taught? (Most recent first) 

School Grade level Number of years 

Years of Experience: Blank 1-2 3-4 5-6 7-8 9-10 11-15 16-20 21-25 

145344 9 5 4 

mean * 10»63 



B. Where will you be teaching next year? 

C. What mathematics courses or mathematics methods courses have you liad? 
1) In high school: _ 



2) In college: No. of 


Math. 


Math. 


Cses . 


Numhpr 


of 


Mathematics 


Courses 


in Co 


Blank 0 


1 


2 3 


4 


ftank 0 


1 


2 3 4 


5 


6 


7+ 


2 10 


. 21 


4 2 


0 


2 17 


10 


7 10 


0 


2 


0 




mean 


- .95 








mean ■ 1.05 
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D. B.A. degree: Where 

When Major 

E. College work 'beyond Bachelor degree: 




In appreciation of your taking the time to complete this survey, we would 
like to give you one of the following books as a gift. The books must be ordered 
in bulk and then sent to you so please list an address at which you can be 
reached during the summer and indicate your preference as to v.hich book you'd 
like. 



Name: 



Summer address: 



Preference of book wanted: Second choice if that not available: 

Books 

1. Nuffield, Pictoria l R epresen ta tion 1 - designed to help teachers of children 

between age 5 and age 10, deals with graphical representation in its 
many forms. 

2. Nuffield, Beginni ngs^! - deals with the early awareness of both the meaning 

of number and the relationships which can emerge from the everyday ex- 
periences of maasuring length, area, capacity, and time. 

3. Nuffield, Computation a nd Struct u re 3 - suggests an abundance of ways of 

introducing children to multiplication so that they will understand 
what they are doing rather than simply follow rules. 

4. Nuffield, Gra phs lea din g to Algebra 2 - develops the use of coordinates, 

open sentences and truth "sets, deals with the graphical aspects of these 
statements, introducing graphs of inequalities, intersection of two 
graphs, and graphs using integers. 

5. Dienes, Building Up Mathematics - An introduction to the constructive approach 

to the teaching of mathematics, mostly at the primary level but with 
mathematics usually in the secondary school curriculum. The use of con- 
crete materials of many kinds is explained in detail. 

6. Dienes, Teach in g logic to Young Children - An exploration of the terms and 

operations involved in set theory and a good discussion of materials 
and techniques that may be used to teach them to elementary school 
children. 

7. Curriculum Guidelines for North York (Canada) Elementary Schools 

7a. K-£ - A series of very clearly defined and stated educational goals for 
the mathematics curricula for each of the grades. The objectives them- 
selves give innumerable suggestions of teaching tedmiqucs in all areas 
since they are primarily centered in concrete and activity oriented 

behaviors. , v _ 
/* 

7b. for Junior High School - same as above for grades 7 to 9 with a good 
mathanatics library list and an excellent annotated bibliography of 
books and audio-visual materials. 

8. Bell, Mathematical Uses in Our Everyda y World - many problems using genuine 

data and information fron many sources, mostly accessible with only 
eric arithmetic skills. 



Appendix E: Report on Teacher Center Activities 

This is part of M. S. Bell, Explorations into Ways of Improving the 
Elementary Mathematics Learning Experience , a report on a project supported 
by NSF grant PES 74-18938. The re- art of the Center staff is reproduced here. 



REPORT ON TEACHER CENTER COMPONENT OF NSF GRANT 



Prepared by (Mir is Drown 

?)uvid Mossor schraidt 
Susan * Carpenter 



May 27, 1975 



1) Teacher Center Support Services 

The Hyde Park Teacher Center provides a number of sup- 
port services in mathematics (and other areas) for Chicago 
teachers. The Center has an extensive collection of math 
books, curricula, and manipulative materials. The math file 
includes curriculum suggestions, classroom activities, sample 
worksheets, and duplicating materials. Homemade math games 
and puzzles are displayed, and raw materials (cardboard, 
markers, laminating materials, wood blocks, spinner, disks, 
etc.) are available to duplicate them. Finally, the Center 
staff are available to advise, stimulate and support teachers 
in new approaches to teaching math. The Center also has 
regularly scheduled Saturday workshops which are frequently 
on math topics. 

2) Special Workshops 

March 8, 1975 Workshop from 10-4, conducted by 



2 

Barry Hammond, of Winipeg Teacher Center (formerly Co-Director 

of Teacher Center in Hyde Park) 

64 people attending, 22 from Hyde Park 

The Bartlett Studio was set up. as a mathematics laboratory 
with Teacher Center mathematics materials. 

The morning session focused on the algebra of integers. The 
objective was to enable teachers to gain a better under- 
standing of ihe basic concepts of associativity, commutativity, 
identity and inverses through the solving of selected prob- 
lems ( Problems are enclosed ). The afternoon session con- 
tinued with problems demonstrating the algebra of permuta- 
tions and of rectangles. This^Was followed by a lively 
discussion of the uses of various mathematics materials — i*e. 
workbooks and worksheets, activity cards, games and manipula- 
tives in the classroom and of the integration of mathematical 
operations into the total curriculum. 

pril 12, 1975 from 10-4, Workshop for Intermediate and Upper 
Grades conducted by Gordon Clem, Headmaster of St. Thomas 
Choir School, New York City and Chairperson of Mathematics 
Section of NAIS 

30 persons attending, 11 from Hyde Park 

The participants worked at living a variety of logic and 

er|c ivj 



attribute games; and games including finding functional re- 
lationships through games such as What's My Rule and Towers 
of Hanoi. There were ongoing informal discussions of how to 
introduce and use these problems and games in the classroom, 
(See enclosed problem sheets.) 

3) Mathematics Lending Library 

Mathematics Lending Library at the Teacher Center pro- 
vides a resource of manipulative materials which are gener- 
ally not available to classroom teachers. The library con- 
sists of a classroom set of Cuisenaire Rods, three sets of 
Relationshapes, chip trading materials, and Cuisenaire Cub^s, 
Rods, and Solids. During the year each of xhe materials was 
introduced to the teachers in the Math Workgroup with sug- 
gestions for class activities. Teachers were then able to 
borrow the materials from the library and try them in their 
own classrooms. At the next session of the workgroup, 
teachers would discuss what they did with the materials and 
the reactions of children in their classrooms. The follow-up 
discussions provided a forum for both discussing specific 
classroom practices and creating new uses for the materials. 

4) Math Workgroup 

A group of intermediate grade math teachers met biweekly 
on Thursdays throughout the year, The group's leaders were 
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David Messerschmidt and Chris Brown, with assistance from 
Susan Carpenter of the Teacher Center staff. Attendance 
ranged from 2 to 10. 

a) Purposes of the Workgroup 

The purposes of the groups were: 

1) to introduce manipulative material, in the 
teaching of math; 

2) to provide a discussion and support group 
for the teachers involved in experimenting 
with new math class organizations and new 
techniques for teaching math; 

3) to develop new ideas and materials for 
teaching math concepts. 

b) Sessions 

The sessions were held from 4:00-5:45 on Thursdays 
The general format for each session was: 

1) game activity or introduction of new material 
by group leaders; 

2) discussion of use of materials, and general 
math programs, in individual classrooms; 

3) in-depth discussion or development of a 
particular topic; 

4) questionnaire evaluating that session. 
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Session Number Date Topics 



Oct. 3 Surface area with Cuisenaire 

Rods 

Course Outline 



Oct. 17 Poker Chip Exchange game 

Record keeping in the 
classroom 

Examination of books used 
in different classrooms 



3 Oct* 31 Magic Squares 



4 Nov. 14 Place Value Activities 



Self-Rating of math classes 
(see attached list) 



Dec. 3 Straw Geometry 



Christmas decoration poly- 
hedrons 

Maps of where math materials 
are kept in classrooms 



Jan. 16 Clock Math 



Teacher- and student-made 
word problems 



7 Jan. 30 Relationshapes 

Attribute games 

8 Feb. 13 Fraction strips 



Integrating fractions and 
decimals 



© Fraction Circles 



Session Number Date 



Topics 



9 



10 



Feb. 27 



March 13 



Geometry in cardboard, with 
Jim Bottomley 



Fraction operations with 
Cuisenaire Rods 



11 
12 



March 20 



May 1 



Fractions boxes 



Geometry — Miras and Sym- 
metries 



13 



May 15 



Geometry — Pattern Blocks 
Mirrors 



14 



May 22 



Geometry — Angles, Pro- 
tractors, and Compasses 



c) Evaluation of Workgrou p 

The plans for evaluating the math working 
group seem, in reflection, almost grandiose. 
Several methods were discussed, among them, 
taping each session, providing questionnaires 
to participants about their background and in- 
terest in mathematics, visiting classrooms with 
a checklist on materials and operation, teacher 
self-reports on room inventories and methods. 
All of the methods required a stable group 
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of at least eight or more people working in 
classrooms who were willing to commit themselves 
to a full year of meetings. As the size of the 
group dwindled, it became useless to pursue 
evaluation in the way it had first been con- 
ceived. 

Thus, the evaluation of the Math workgroup 
is subjective. The leaders feel that there was 
considerable growth in the regular pariticpants, 
particularly in the areas of mathematical under- 
standing, and in the ability and willingness to 
try new techniques. There were many new games 
and techniques employed in the classrooms of the 
participants # 

Comments of a Teacher Center staff member on the 
repercussions of the math group on some of its 
members : 

Participating in the Thursday bi-weekly math work- 
group has had consequences far beyond that of 
increasing the participants' understanding of 
mathematics and willingness to try out new mater- 
ials and methods in the classroom. As a result 
of the children's responses to the introduction 
of new mathematics materials, some of the teachers 
have begun to fsike a different view of how a 
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classroom can be organized and to move away 
from dependence on paper and pencil, textbooks 
and workbooks. In the case of one teacher, the 
children's enthusiastic responses to the Ex- 
change Game stimulated her to continue to intro- 
duce new materials into the classroom. She has 
gone on to building furniture for her classroom 
out of tri-wall. Her pleasure in teaching has 
grown and her expectations of the children have 
changed. There is no doubt that her classroom 
is now a more alive, interesting and comfortable 
place as a res It of her working with the math 
group . 

Perspective and Critique on Math Workgroup 

Although the Math Workgroup provided con- 
siderable positive assistance to the partici- 
pants, the sparseness of ongoing attendance 
limited its total impact on the schools. There 
were, several realizations that came out of the 
Workgroup . 

The leaders felt that the course was too 
long; 5 or 6 weeks of weekly meetings would 
have been preferable. Also, the sessions (bi- 
weekly) were t«v> far apart to provide much 
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continuity. 

A more specific definition of the purposes 
and expectations of the Math Workgroup would have 
led to more productive sessions* Whether the 
Workgroup was a course, with materials and ideas 
to be presented by the leaders, or a workshop 
directed by the participants, was an unresolved 
issue . 

Both leaders and participants had positive 
feelings about the Workgroup's accomplishments 
and expressed interest in continuing, on a 
modified basis, next year. It was agreed, how-' 
ever, that a larger pool of teachers in the 
immediate Hyde Park area should be identified 
to participate. 
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HOW DO I RUN/RATE MY MATH CLASS? Checklist for teachers de- 
veloped by Teacher Center 
Math Workgroup — Winter, 
1975 



1) Groupings — one group or many 

— by ability or by interest 

2) Materials — variety — different levels 

— amount — use and adaptation 

3) Physical arrangement of class — moveable desks 

— provision for small groups 

— set for whole class lessons 

— location of materials 

4) Time use — teacher- led 

— small group 

— working with individuals 

— students in small groups by themselves 

5) Student attitude toward math (tied in with individualization) 

6) Visual Aids and stimuli on walls — Roman numerals 

— posters 



charts and graphs 
etc . 



7) Record keeping — by teacher 

— by students 



8) Time use — students — in books 

— manipulatives 

— games and other activities 

9) Independent applications — student projects 

— discussions of real life and 
everyday math situations 
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Teacher Certifier !Mew§ 



By RUTH NEDELSKY 
Wc hope that you had a 
fine holiday. The Teacher 
Center staff scattered East, 
West and South. Joan went 

. to New England, Susan to 
Iowa, and Mary to North 
Carolina. Iluth stayed in 
Chicago and enjoyed 
children and grandchildren. 
The Center re-opens on 
Thursday January 2; hours 
is usual 2:30 to 5:30. The 
Center will be open Satur- 
' day from 10 to 1, but there 
will be no workshop. 

t Workshops 

An exceptionally in- 
teresting scries of 
workshops has been plan- 
ncd for the winter quarter. 
Unless otherwise noted, the 
workshops are held from I 
to 3 p.m. in the Center, MOO 
E. 53rd st. 

January 11— Displays- 
Workshop leader-Carol 
Brindley, teacher, Univer- 
- sity of Chicago Nursery 
school. Wc have had so 

* many requests for ideas on 
bulletin boards that it was 
decided to devote a 
workshop to the general 
topic of displays. Various 
kinds of displays and their 
uses in th" classroom will 
be discussed. Special at- 
tention vill bo ■fircn to 
ways o I displaying 
children's work. 

January 18 and 25, 

• February 22 and March I— 
A series on Language 
Development in Young 
Children. Workshop leader 
Carole Harmon, teacher at 
Ancona Montessori school. 
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February 1— Small 
Worlds Workshop leader 
Karen Hermann, teacher at 
Co-op #3. Karen will 
dciUun.strate how primary 
children can construct 
miniature worlds out of all 
kinds of scraps. 

February g — 

Mathematics Workshop 
Leader-Barry Hammond, 
former Co-director of the 
Center and now in Winipeg. 

Barry is returning to 
Chicago to conduct an ALL 
DAY workshop (10-3). Cir- 
cle this date on your 
calendar. More details 
about the precise nature of 
the workshop will appear in 
this column at a later date. 

February 15— Wood- 
odworking. Workshop 
leader-Duncan MacLaren. 
Another ALL DAY 
workshop. Details later. 
Practicum for New and 
Experimenting Teachers 
The practicum will again 
be meeting on Wednesdays 
from -I'G at the Center. 

The p r a c t i c urn is 
designed especially for new 
teachers. We extend a most 
cordial welcome to all first 
and second year teachers to 
visit the class and sec if it 
will be helpful to yon. 
(other teachers interested 
in discussing aspects of life 
in the classroom arc also 
welcome). . 

The focus of the prae- 
t 1 * *nn in the winter quarter 
* ri be on groupings within 
i*i<' class room. 

We will start by looking 
at the kinds of activities 
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that children can best do in 
small groups of threes, 
fours and fives. The class 
sessions will be geared to 
helping teachers think 
about and plan for, in very 
concrete ways, particular 
activities that they would 
like to carry out* in their 
own classrooms, such as 
using cuisinaire rods, doing 
map studies, making a 
mural, playing math 
games. The class meets 
over coffee and cheese and 
crackers; you can relax af- 
ter a hard day at school in 
good company arid share 
ideas on common problems. 
Mathematics work group 
The math work group will 
again be meeting at Center 
on alternate Thursdays 
from -l-G. The first session 
will be on January 10. Both 
Susan and David are going 
to Boston to attend the. 
Educational Arts 
Association Itegional Con- 
ference, January 10, 11, 12. 
There is room in the group 
for four or five more per- 
sons. 

* * * 

We would like to find 
ways of increasing our 
usefulness to local schools. " 
Wc will be sending a 
questionaire to all the 
teachers in the neighboring 
schools and another to (he 
principals. Wc urge yon to 
lake a few minutes to fill 
out the questionairc and 
return it to the Center. If 
you have not been in to see 
us yet this school year, why 
not start the New Year with 
a visit to the Center? 




News from the Teacher Center 

. Sept. mi 



By RUTH NEDELSKY 

If you come to the 
workshop on Saturday, 
September 28, conducted by 
Dave Mcsserschmidt, you 
will have the chance to play 
the people pieces game. 

People pieces, that at- 
tribute came, pattern 
blocks, color cubes, these 
arc some of the games that 
arc fun for children to play, 
yet, at the same time, 
stimulate them to think 
logically. 

The games require 
children to sort, to classify, 
to categorize, to compare, 
to sec and create pattenrs. 
The best way to understand 
the appeal these games 
have for children is to play 



them yourself and sec what 
you learn in the process. 

At the workshop, you will 
be able to play the games 
and to discuss with your 
fellow players what" your 
children could do with them 
and how you could use 
them in your classroom. 

These games can be used 
on different levels. Primary 
children can use the people 
pieces in one way and 
fourth and fifth graders ean 
use the pieces to play more 
complex and sophisticated 
games. Even within the 
same classroom, kids will 
find different ways of sor- 
ting and patterning. Such 
games provide the ex- 
periences out of .which 
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grows the child's ability to 
deal with abstractions, so 
necessary to his acquiring a 
concept of number and an 
understanding of basic 
math operations, (as well 
as concepts in all .other 
fields). 

It is possible to make 
simple, inexpensive ver- 
sions of sonic of these 
games so that you can have 
a number of them for use in 
your classroom. There will 
be time for workshop par- 
ticipants to make games to 
take back to their schools. 
All this is further proof that 
learning need not be a bore 
or a chore for cither 
teacher or children. Oc- 
tober begins with a round of 
activities. 

On October 1, from 3 to 
4:30 the Center is having 
open House and a coffee 
hour for principals of 
neighboring schools. We at 
the Center are eager for 
school administrators to 
become familiar with the 
kinds of curriculum 
materials and educational 
services that we offer. 

Then, on Wednesday, Oct. 
2 at four o'clock, the Prac- 
ticum for new and ex- 
perimenting teachers will 
begin. 

The main purpose of the 
-Prncticum is to help 
teachers with the problems 
that arise in the classroom. 
Teaching requires a num- 
ber of skills that can only 
h<* learned on the job, yet 
r M'ly is help available in 
tlii > learning, leaving most 
new (and experimenting) 
teachers are strictly on 
their own. The practieum 
will serve as a meeting 
ground, a place where 



teachers can pool infor- 
mation and ideas and 
return to the classroom, 
refreshed. There is a five 
dollar registration fee, 
payable to Loop college, 
which is jointly sponsoring 
the Practieum. 

Wc expect the practieum 
to continue throughout the 
year, as three eight-week 
sequences, fall, winter and 
spring. Call 955-1329 if yw 
are interested in joining the 
course. 

On Thursday, Oct. 3, at 
four o'clock, the first 
session of an intermediate 
math work group, conduc- 
ted by Dave Mcsserschmidt 
and Chris Brown, two fifth 
grade teachers will be held. 
The group will meet for two 
hours every other Thur- 
sday. 

A variety of specific math 
materials and activities for 
the teaching of basic math 
concepts will be discussed 
during the sessions; the 
teachers will then try out 
some of them in their 
classrooms and report back 
to the group on their suc- 
cesses and failures. 

There is still room for 
three or four more persons 
in the group. Call 9554329 if 
interested. 



NIM3 MtOM 'ilJJi C'.lYihU 
ViOO JS. 53rd street 
Chicago, Illinois 60615 
(312) 9..5-1329 



Wo hype rU of you h:v/o managed to avoid tho winter <lol.l m , : ,i Our sti'rit* 
haw boon Ixx'tod y «ir rcMrbiohod workr.,„«,-wc printed it during oiiv Jilt staff 
verify and aro i'^Uxng xt .t much more plowant pl,.co to work in. t/o'vo 'iso lu-d 
fun pure1uu»iv{ now oquijmaiU-wo now have a now hotplate-, a vacuo* cionuor "a 
second largo ^minatung mdiino, and a now ditto p^chino. K.o laminating .Lh'ne 
xs stxll in the bo:c, sxneo we don't have space to set it u p. bo lu -o no, ItSn 
vxth the Y for more extensive use of bnrtlott, and we're hoping to bo able to 
spread out a oit s< on. u 

Staff and board members have boon busy getting out our Wing pnw.m.1 ard 
ranking plans i or the sooner end the coming year. Also, on some !.c d'ys f^xoW 
our regular staff mooting, wo are having staff development sessions in whx'h wo 
explore a particular material or idea in depth. This moans that wo aro ever 1«-- 
available than vauol to work with teachers on Mondays. Ue havo hired David Wi.',, 
a U. oi. C. C r» -uato student, to roan the Center durin C ,\ond:.y open hours. ™"o> 

"weuiicnops 

Vo hove a m:mbcr of good workshops planned for the ond of winV-r -d tho 
begi-ming of sjrJ;:,;. 

Saturday 
Harch 8 
10 to 4 



Saturday 
March 15 
10 to 3 

Saturday 
March 22 
1 to 3 

Saturday 
April 5 
1 to 3 

Saturday 
April 12 
10 to 12 
1 to 3 

Saturday 
Ai.ril 19 
1 to 3 



Sa'isrdry 
April 26 
1 to 3 
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If you thought you missed Barry Huns.,nd on Pobrui'ry 8, y:. u difriH" 
iio'll ro-lly be here on f.arch 8, doing an r; Ucby math workjy.p. 'wo 
plan co r.et up Lartlott as a classroom anu iill j. with ail sorts of 
marh materials. 

I'uodod Island workshop with David Carlovch^. Tho wortoboo rill start 
out at tho Center and then move to Wooded Lslar.l. ki-wi^, „ lfint and 
animal identification, survival, end some history will be explored 
with reference to the island. 

Workshop on probability with Chris Brovn, who teaches fif t). prr-lo and 
is one of ibo loaders of the math group which meets at the Center. 

Workshop with l!lvic r.oorc on explorations of ways to vj,o movement in 
the classroom. 

ifcvth workshop with Gordon Clemm, headmaster of tho Choir tichool of 
i/D. Thomas Cliurch, New York City, and chairperson of the MAIS I lath 
Coral ttoo. There will lie both corning nn d afternoon sessions, end 
pav-icipunts aro invited to attend one or both. 

Elizabeth Hollander, a city planner, will give a workshop on 
"What's Under the City—An Exploration of the City for - r'Wv CVldron. 
tttrl of the workshop will toko place outside— p»r I i.c.y * t «] vil { " 
discovor evuiything they con about tho city in ^ 

Workshop on the middle .tchoo] ■ d. /at U feof> ' ^ who to ,,. h03 

at an .alternative middle scin :n I.ydo ,'vk, will dlncuss opK> class- 
ror.m at tho junior high level, i*;.oyrntj. c »s.:ij) piogrnms, integrated 
curriculum, and upper level 1 is.,>v-o arts. 

IG1 
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SCHEDULE 

Spring Vacation , The Center will close from Monday, March 24, through 
Saturday, March 29. It seems to make sense for us to take our break then mid bo 
open during public school vacations in April, 

Tueschy ovoni nns. Although staff members leave at 5:30 on Tuesdays and return 
for Hie 7 to 9 open hours, anyone who want, to stay through and work is welcome 
to do so. 

MKMDtUS! HI'S 

The support we're getting through memberships is really gratifying—wo now 
have 140 r.cmbcrs contributing over o1500 of sup ort. ./o'd like to remind everyone 
that library privileges are now extended to members only. Also, members should 
keep in mind that our annual meeting and party will be coming up in May. 

sunmku sciioLj;s]!ii 5 s 

This year the Center will again offer scholarships to enable teachers to 
attend surur.er workshops. Last summer several touchers received scholarships of 
up to 025O and attended workshops in this country and in Jiigland, These teachers 
have shared their experiences by giving workshops at the Center throughout the 
year. At this point, we're gathering information about various workshops and 
drawing up the specifics of the program. The application deadline will be Hay 10. 
Drop in at tJ.e Center or call us for more information. 

OTIIdt MEWS 

Susan ir sotting up a file of information on various tests teachers must 
take, such as certification exams . The filu will toll about experiences wilh t *c 
tests and give pointers on taking then. If you have information to add to the 
file, or if you're seeking information, please contact Susan. 

Several individuals at the American Friends Scrvicu CoPjntitoe would like to 
moot regularly with the intention of developing peace studios curricula for the 
elementary school child. They invito participation by other teachers who see a 
necessity for educating young children nb*,ut the prerequisites for a peaceful 
world. Anyorio interested may call Rich I'oston at APSC during the day* (427-2533) 
ilarti Ucston nights (241-6614), or Alice Valton ('./I 5-174-1). ' 

If you haven't boon to the Center lately, como in and enjoy our bright 
workroom and our new equipment. Uo'll look forward to seeing you! 

Joan Bradbury Sandy Lang 

% Carol Brindley Ilanr.ah hocLaroii 

Susan C: reenter ?hry ilathii-s 

Sharon Pciioan Kuth Ncdolsky 
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TiiACHKIl CENTER CALENDAR 
1 larch-April, 1975 

The Center is at 1400 E. 53rd Street, Chicago, 60615. i'hone: 312-955-1329 
Hours: weekdays 2:30-5:30; Saturdays 10-4; Tuesday evenings 7-9 



monday , tucsday 


Wednesday 


thursday 


friday 

- • - J 
7 


Saturday 


I March 3' 

I Center 
closed — 

staff 
workday 


4 


5 

4:00 
class 


6 


8 

10 to 4: math 
workshop with 
Barry Hammond 


Center 
open ; 
staff in 
meeting 


11 


12 

4:00 
class 


13 

4:00 
math 
group 


14 


15 

10 tp 3: 

"ooded Island j 
workshop with 
Df.vid Garlovslqr 


17 

Center 
open ; 
staff in 
meeting 


18 


19 

4:00 
class 


20 


i 21 

; 

1 


22 

1 to 3: workshop 
on probability with 
Chris Brown 


r « i 

Center clobed fur s;>nr 
vac \tion~jlarch 24-29 

• ! 
i 
i 


26 

G 


27 
Cento 

4:00 
rnr.th 
Group 


S 28 . 
l- closed for 
'larch 24-29 

1 


29 1 

spring vacation — ! 


h — 

31 

Center 
open — 
staff in 
meeting 


April 1 


2 

4:00 
class 


3 


! 4 

i 

i 

• 
i 


5 

1 to 3: movement 
workshop with ; 
iilvie Moore ; 


Center ^ 
closed 5 
staff 
workday 


: B 

i 


! 9 

i 4 :00 

' class 

I 

I 

I 


• 10 

4 :00 
math 
group 


! 11 

! 
i 

I 


! ""Si 

10-12 and 1-3 ! 
mnth workshop with 
Gordon Clown 


14 

Center 

ripen ; 
staff in 
meeting 


15 


! 16 

, 4:00 
, class 

! 


17 


i 

i 


19 

1 to 3 : workshop on 
explorations of tho 
city for primary children 
with Elizabeth Hollander 


: 

Center 

stuff in 
meeting 


22 


* 23 
I 4:00 
class 


24 J 25 
A :(50 i 
,MJ, j 

v ■ ; 


>r~ • 

26 

1 to 3: workshop 
on tho middle school 
j with Pat Gmirdcr 

i 
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Appendix F: Activities General J by the "Everyman Mathematics 
Development Group 1 * 

Reproduced here are the editH activities as they were distributed 

to participants in the working grt \ ps. For details on these working 

groups, see 3.8 in the main report , 



*This is an appendix to M. S. Bell, Explorations into Ways o f . Improving 
the Elementary Mathematics Learning Experience > a report on ^ project 
supported by NSF grant PES 74-18938. 
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EVERYMAN MATHEMATICS DEVELOPMENT GROUP 



Name 

Siter Mary Jane Adams 
Pamela Ames 
Ann Barrish 
Max Bell 

Katharine Blackburn 

Warren Crown 

Molly Day 

Georgine Ezre 

Dorothy Freedman 

Sherye Lynn Garmony 

Patricia Gerling 

Nancy Hanvey 

Janet Kobrin 

Kaye Letaw 

Donna Marlin 

Joyce Martin 

Mary Mathias 

Cillie McGlory 

Susan McKamey 

Mike McNamee 

David Monk 

Kate Morrison 

Roase Nayer 

Ely the Olshan 

Dan O'Neill 

Mary Page 

Judith Petzold 

Carol Samuels 

Pauline Schafer 

Sidney Shirley 

James E. Schultz 

Joyce Smith 

Susan Smolinske 

Sr. Elizabeth Marie Stoltz 

Jay Sugarman 

Marilyn Thompson 



Participant List 

School 

St. Thomas Apostle 
U. of Chi'--' go 

U. of Chicago 

Kenwood Hi^h School 

Governors 1 State Univ. 

U. of Chicago Lab. School 

Phoenix School 

U. of Chi. Lab. School 

Louis Wirth School 

St. Thoma ■ Apostle 

Kozminski School 

U. of Chi. Lab. School 

Lewis-Champlin School 

Kozminski School 

Lab. School , U. of Chi. 

Family Fr*'<i School 

Louis Wirth School 

Louis Wir* h School 

U. of Chi. Lab. School 

U. of Chi. student 

U. of Chi. Lab. School 

Harvard-St. George 

Metro High School 

Bret Harte School 

Kozminski School 

Bret Harte School 

U. of Chi. Lab. School 

St. Thomas Apostle 

U. of Chicago (Visiting Prof 
Woodson School 
Lindbloom Tech. H. S. 
St. Thomas Apostle 
U. of Chi. Lab School 
Bret Harte, St. Thomas 



Grade 
4, 5, 6 

Teacher Education 

Teacher Education 
9-12 

Teacher Education 
2 

1-2 

2 (Assistant) 
7, 8 
7, 8 
1 

1-3 

5-8 (remedial lab.) 

3 

2 

K-3 

6 

6, 8 

K (Assistant) 

2 (Assistant) 
2 

9-12 

Principal 

1 (consultant) 
7 

2 

4-6 

.) Teacher Education 
4-6 
9-12 

7, 8 

2 (assistant) 
Consultant 



EVERYMAN MATHEMATICS DEVELOPMENT GROUP 



Activities Related to Measure Concepts 
(1/14/75 Sessions at the University of Chicago) 

Participants 

Sister Mary Jane Adams 
Pamela Ames 
Max Bell 
Warren Crown 
Dorothy Freedman 
Sherye I.ynn Gnrmony 
Patricia Gerling 
Janet Kobrin 
Kaye Letaw 
Donna Marlin 
Joyce Martin 
Mary Mn thins 
Susan McKamey 
Mike McNamee 
David Monk 
Kate Morrison 
Rose Nnyer 
Blythe Olahan 
Dan O'Nein 
Mary Pafle 
Judith R. Petzold 
Carol Samuels 
Pauline Schnfer 
James E. Schultz 

Joyce Smith 
Susan Smolinske 
Sister Elizabeth Marie Stoltz 
Jay Sujjarman 
Marilyn M. Thompson 



PROBLEMS AND ACTIVITIES HAVING TO DO WITH 
SEVERAL KINDS OF MEASURES 

Matchinr sizes, ordering, objects, refining not io n of "bipness" 
Preschool Choose several pots with lids. Mix them NOTE ; "Wand "small 1 ' are 
K up. Find the lid that fits each pot. not specific enough for most 

Put the pots in order from biggest to measure activities) also, they 

smallest. How did you decide which is dcpcnd on contcxt , " More " or 

hlpRent? Is it tallest? or fattest? " lcsg " and similaT wordg are 

or does it hold more? or does it have frequently useful, 

the widest lid? Can you put the pots 
one inside another? 

Looking fo r meas ure l_ j>rohlons, per vasiveness of measure 
3"6 Make a list of things you see (in the . 

room, as you walk to school, in the play- 
ground, etc.) that can be measured. How 
would you measure each of them? 
4-6 Look through a magazine. Find as many 

pictures as you can that show something 
about measure. Try grouping the pic- 
tures several ways: e.g., types of 
things being measured or types of mea- 
suring instruments. What categories 
make most sense? Was it easy or hard 
to find pictures? Discuss the reasons 
for this. 

Int roducing the ideas of "unit" and "measure" 

3- 3 Measure with non-standard units, e.g., This might be done before i i- 

length with a spoon^area with square floor troduclng a new "stand/ rd" unit, 
tiles, weight with pennies or paper clips. Also, it may combat the feeling 
Compare results when different units are of some children that length is 

usecl * inches, weight is pounds, etc. 

4- 6 Pretend that you do not have any of the 

standard measuring devices. How would you 
measure: head sizes, weights, quantities of 
food, land area, quantities of lumber, etc. 
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3-5 Measure a given object in several ways 

e.g., a ball, for its weight, diameter, 
circumference, volume, texture, bounce, 
etc* 

6-8 Describe the apparent size of the sun in 

as many ways as you can. E.g., "You can 
ring the sun with a notebook paper hole 
if it is held 1 foot from you." How 
would these descriptions differ for a 
Mercury Man or a Pluto Man? 

Estimating 

K-8 For most measure activities, estimate the 

result before measuring. For each new 
unit, do you find your "guesstimates 11 
fitting closer as you measure more 
things? 



1-3 Guess, and then count, the number of 

marbles in jars of various small sizes, 
(i.e., not beyond counting abilities)* 

2+ Guess beans in a jar, etc. Then find a 

good approximation to actual number 
using ways proposed by class members i 
e.g., 1) Everybody take a "handful 1 , 1 
count, add the results. 2) See how 
close if only one persons handful is 
counted, then multiplied by number of 
handfuls. 3) Measure out a small anount; 
count how many in it; measure to see how 
many of the small measures in the large. 
4) Weigh a small amount; count; weigh the 
total. 5) Spread evenly on a large sheet 
of paper marked with a grid. Count how 
many covering one section, etc. 



Observe that many different 
measures can apply to the 
same object. 



NOTE: As a result of Cicse 
exercises, students frequently 
have a better feeling for the 
unit involved, improve their 
estimating skills, and show 
more interest in the actual 
measuring. 
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K nowing when to count, measure, or estimate 
3-7 To mensure these, would you 1) Count a 

number? 2) Take n measuring device and use 
it to get a number? 3) Judge or estimate or 
guess a number? 

Hairs on head, distance to the moon, 
length of a car, weight of a shoe/ 
Choice of units 
3 What kinds of things can you measure in 

feet? in gallons? in pounds? Which would 
you use to measure: milk for the lunch- 
room? table? tree? water in a pool? 

2- 3 How many miles long is this room? How 

manv inches from your home to school? 
How many tons do yau weigh? 

3- 4 Measure the room length with yellow 

Cuisenaire rods. Measure the width of 
the desk in yards. F.tc. Discuss the prob- 
lems with these tasks • 
1-3 Find the length of this room using one 

of several sticks or a bodylength. 
Compare several answers. Why are they 
different? If you wanted to order car- 
peting a3 long as the room, which number 
would you write on the order form? Why? 

English to metric conversions 
If children have had lots of practice 
working with non-standard as well as stan- 
dard units, the concept behind unit con- 
version shouldn f t be a problem. How- 
ever, to facilitate immediate approximate 
conversion, children should have lots of 
experience in expressing the same measure- 
ment in both English and metric units. 



NOTE: Answers will vary de- 
pending on purpose, i.e., 
Parking a car in a parking 
space (estimate) vs. building 
a garage for a car (measure) . 



NOTE: Ansv/ers may vary as 
above. 



Playfully done, not to get ac- 
tual answers. Youngsters should 
readily see the inappropriate--' 
ness of the units. 
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Activities involving metric conversions 
mifiht include relabeling household j terns 
(cups, pails, cereal boxes, etc*) in 
metric units. Also personal measures 
such as weight and height. 

C onversions along with judgement about choice of units 



6 



You are in the advertising business* 
Choose the best statement for your pur- 



poses. 




6 



6 



and it's many times prettier. 
Is this a biased headline? If so t how 
could it be said to be "fair"? 
Headlines— 1) Rocky owes $.9 million 
taxes 2) Days arc getting shorter by 
2 1/2 nano-seconds a year 
Find some numbers that are used in news- 
paper articles. What size numerals are 
used? What types of units are used? 
Why do you think those units were chosen? 
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"Longer t han" and "sh orte r than" (Ord inal Measurement) 

Use cuisennire rods, sticks, or any other 
easily comparable graduate series of man- 
ipulations. Say: ''Choose any rod (stick, etc.) 
Milch rods are Jonper? Which are shorter? 
Which are the same?" ACter child has made 
three piles you might ask "Which of the 
longer rods is closest (next lonpcr, next 
hiiwcr) to the one you chose. Which is 
next shorter? Notice how the child de- 
cides which are longer or shorter. If 
he picks at random, ask him to show you 
how he knows that a rod is shorter or 1 
lonp.er. If a child puts the ends of two 
blocks at the same point to compare lengths 
he is probably ready for more sophisti- 
cated measuring. 

Transitivity of ordinal measuremen t. 

When children have successfully manipulated 
rods In lonper and shorter categories, ask: 
.1) Is the green block lonp.nr than the red 
block? 2) Is the black block Jonper than 
the p.reen block? 3) Is the black block 
longer than the red block? 

Measuring heights of block structures 

This can be done in non-standard units w 
(euisenaire rods, erasers, etc.; finding 
something that is as tall as the structure) 
or in standard units. 

Measurements with euisenaire rods could 
be expressed numerically. If this is 
done, make sure that children understand 
that the white rod is the unit of measure. 

M easurin g distance by steps . 

Use giant steps, baby steps and middle- 
sized steps. Count the number of steps. 
How do they differ? 

Measuring distance - arriving at a standard measure 

Find the length of the room by starting in 
the corner and a) Pace off the distance 
along the wall, putting one foot just in 
front of the other. How many M feet M ? 
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h) Cut out tracing of child's own foot on 
cardboard. Measure along sane wall using 
cardboard foot as measure. How many "feet"? 
c) Tf different people in the class have 
done this exercise, compare answers. Why 
are they different? f /hnt can we use for 
measuring that will give, us the same 
answer? 

^°J!!rAr!l^-yfLJjA n A u r G with <H f f e r on t nn its 

K A collection of pairs of shoes belonging 

to older and younger members of a childs 
family can generate comparative measures 
of the childs foot with different sized 
shoes. He will probably want to try 
walking in bigger shoes. Suggest walking 
heel-toe and counting how many steps it 
takes to wall; across the room in his own 
shoes, his mothers, his fathers, etc. 

Cu ttin g specifi ed lengths 

K Cut the pdece of paper (cardboard ,wood , 

etc.) to make a bed for the doll (alligator 
horse, car, or anv toy available). Try to 
make the bed ^ust as lonp as the toy, not 
too long, not too short. After children 
have cut out the beds, ask them to check 
and see if their toy "lust fits" on the bed. 

Mea suring cir cumferences of body parts 

K-l Use pieces of string, ribbon, or strips of 

paper to measure the circumference of 
wrists, her J, chest, waist, etc. This 
activity is probably best done in pairs 
where each child measures his partner. 
Have scissors available so string can be 
cut to the exact length. If paper is* 
used it can be torn to length. For young- 
er children only one or two measures need 
be taken. 

1-2 Each child can hang strings lengthwise 

and order them by length. Geometric var- 
iation: Children can display fengfch of 
string in any shape — circle, line, curved 
line etc. "This Is my waist (head, etc.)" 

1-2 Measure several body parts. Child may 

order his own circumferences by size. 
Try to find out which circumferences change. 
How far can you expand your chest? What 
happens when you flex your arm muscle? 
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Use lenpth nf strinp to find circumference 
in inches. Tf children have had pranhinp 
experience try making florae r.raphs to show 
the relationship between head size and 
wrist size, etc. 

II e il§A!lAlL^^^ It • 

Children can measure each others heights, 
length nf thumb, arm etc. Measurements 
can be taken in non-standard units (how 
mnnv blocks hl.ph, lonp etc.). Keep a chart 
in the room to record the information. 
Children mlrht like to make scatter praplis 
showing the frequencies of certain hetp.hts, 
arm lenpths, etc. 

Make praphs showing the relationship between 
two measurements. 

HeaM^jj^p larco o bjects wi th non-standa rd units 

How lonp is the blackboard? (nip, table top, 
etc.) Is it lonpcr than the eraser? (piece 
of chalk, pencil, your hands; feet, etc.) 
How many erasers lonp is it? 

Use n variety of objects to measure. Results 
will vary. Discuss why answers differ mipht 
follow. Why should there be a standard unit 
nf measure? 

Closing an appropriate unit of measure 

Mien children are comfortable usinp rulers 
and yardsticks, design a chart as follows. 



lenpth of 


in inches 


feet 


vards 


chest 








table 








room 








hall 








shoe box 








crayon 








etc. 
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Which unit was "easiest" for measuring a 
specific object. Witch pave the quickest 
answer, l/hlch pave the most exact answer. 
When and whether would you use a certain 
unit of measure to describe a piven object? 

Measurinp lenpth with standard or non-standard units 

Measure a very lonp object (rope, snool of 
thread, etc.) that can be laid out in the 
hall. Makinp a lonp paper chain is a pood 
individual or class activity. Object can 

173 
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then be measured with a variety of standards, 
(inches, feet, meters, inches per foot, etc.) 

Ind irect measure uslnp. the trund l e wheel 

Trundle wheels are easy to make - if you 
have hammers and nails the class can help 
put one together. (See instructions in the 
Math Lab.) After children have measured 
the circumference of the wheel, use it to 
measure lonp, distances such as the length 
and width of the playground or the distance 
from one end of the hall to the other. 
Children count "clicks" to determine, how 
many times the wheel has ^one full circle. 

Findin g a way to mea su re the path of a moving animal 

Tf you have small animals (rats, turtles) 
in the class dovt.se a "race" between two 
of them. Trace the path each takes, then 
measure and compare distances. 

Comparing estimation and measurement 

Kstimatc the distance from the pencil shar- 
pener to the floor, the top of the desk to 
the floor. Then measure with a ruler or 
yardstick to see how close you were. 

Discuss situations in which exact measure- 
ments are preferable to estimation. * Is 
measure ever exact? Also, why a certain 
unit was used in a child's estimation and/ 
or measurement. Did they differ? Why? 
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Comp aring weigh ts 

K-l Milch is heavier? How car. you find out? 

K-l Weigh yourself on the weighing scale when- 

ever you like. Is your weight always the 
same? Check 

2-3 Check your weight on several consecutive 

days — or once a week on the same clay. 
Keep Crack of your results and graph 
tlirm. Chock vour weight at the he.ginning 
and end of your school day. What changes 
do you notice, if any? Why does your weight 
seem to change? 

Balance scale - equalisation of weight 

K-l Use paper clips, rubber bands, pine cones, 

feathers, poker chips, etc., to make a pan 
balance level. 

Hon-standard measures - balance scale 

4-6 Make a balance scale and a set of your own 

weights using three units: paperclip, 
marble, reading book. Weigh objects in 
the classroom 



NOTE: Many children vi.11 need help 
reading the scales. VV catch the 
variations, they should be able to 
read to the nearest pound (if that is 
enough). 
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Non-stand ard units. 

Choose four Jars of different sixes and 
label them A, B, C, and D. Choose another 
set of three jars (numbered 1, 2, and 3) ♦ 
Pow many of jar 1 does it take to fill each 
of the lettered jars? Write the results in 
the chart. 

1 2 3 



NOTE: For younper children iars 
1-3 should he smaller than iars 
A-D so that whole numbers can be 
used (e.p,., jar A is between 3 and 
of jar 2 or nearly 6 of jar 3). 
Older children don't need this re- 
striction. 



A 
B 
C 
D 

Do the same for jar 2. Also for jar 3. 

Take several paper cups (all the sane size). 
Fill one half full and label the cup 1/2. 
Fill one to the top and label it 1. Also 
make cups containing 1/4, 1/3, etc. ''cups' 1 
of water. Keep this sot of measuring cups. 
Which do you think is more: one half cup 
or two thirds cups? How could you find 
out? (Don't use the water in your measuring 
cups.) Can you bo sure of your answer? 

C o n v ersi on s nmonr . standard measures of liquid capaci ty 

Find containers that hold each of these 
amounts: 1/2 pint, 1 cup, 1 pint, 1 quart, 
1/2 gallon, 1 (tall on. Find the relationships 
amonrc these. e.ft. , How many pints in a 
quart? How many cups in a r.allon? etc. 

Use cups of several different sizes. (Have MOTH: Douf*h should turn out when all 
at least three of each size.) three cups are sane size. However 

RKCTPE: Fill one cup to the top with flour, careless measuring could result in 
Fill a second cup (same or different size) wrono, consistency. Also other pro 
one quarter Cull of salt. Fill a third 
cup one fourth full of water. Mix the in- 
ured! ents . 

Kxperiment with several sets of three cups, 
usinp, the same instructions each time. Can 
you find a sot of three cups for which the 
mixture has the consistency of play doufth? 



portions of these ingredients can work, 
so kids may find that 3 different 
sizes works. 



Standard u nits - cooking. 

Make a simple recipe. 
Make a half recipe or a double recipe. 
Don't forget to halve or double everything. 
Use an oven thermometer to measure tempera- 
ture of the oven. How much can you vary the 
temperature and still have it turn out OK? 
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3 Make candy usinf; a cnndy thermometer, 

3 Use an Fntflish recipe with Hntflish measures. 

How would you change other recipes to Enn- 

Hsh rccipos? 

Measuring lar ger qu antities 

2 If you wanted to conserve water, would you NOTE: Individual preferences (audi 

take a shower or a bnth? Which do you think as longer shower or deeper baths) will 
takes less? l!ow wouJd you measure it? Ilea- affect the results. Also size of bath 
sure to find which in less. Compare your tub. 
answer with others. Why mipjht some say 
the bath is less and others, the shower? 
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VOLUME 

2- 3 Use several differently shaped boxes and 

enough cubic inch counting Mocks to fUl 
the lnrp.es t one. 1) Predict which bax 
would hold tb most, next, etc* Also pre- 
dict how man, each would hold, 2) Fill 
each box with the blocks. Can you deter- 
mine exactly how many blocks are in the 
box without counting then all? Does it 
help to know how many blocks in the height, 
lenpth and width of the box? 3) How do 
the results compare with the predictions? 

3- 4 4) After doinp this several times, can 

you find the exact number of blocks without 
filling the box? How do you do it? 

.y_Q.l" p !ft > non-standard units 

2 Use sever.il containers that can hold water, 

including an almost flat one (e.p., a 
cooHe sheet). Predict their order from 
lnrp.es £ (i.e., holds most) to smallest. 
Let the snallcst be the unit. 1) Predict 
and then 2) measure the number of "units" 
in each of the other containers. Hov 
did the results compare to the predictions? 
Try usinft one of tne other containers as 
the "unit." Is it easier or harder to do 
now? Why? Can you find a wav to use 
water to find the volume of solid oblccts? 
Try to find how much water is equal in 
volume to a 1-cubic-inch block. Then, 
how many cubic inches of water in each of 
the above containers? And how many cubic 
inches of water in a standard measuring cup? 
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A rca-def in inp, a s qua re in ch as a unit of measure 

3-4 (live students paper marked off in square 

inches. How lom> are sides of each square? 
0 inch). It's a square inch. Cut out 
square inches and use them to cover note- 
book, desk, etc. 

Fi nding area with rcco h oards 

6-8 Ge.oboards can be used in a variety of ac- 

tivities. St**? activity sheets in the file 
cabinets in th<: Math Lab. 
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OTHER MEASURES 

Compa ra tive size s 

Preschool, Preschool children mipht enjoy tryinn on 
K shoes, hats, cloves, shirts, etc. of dif- 

ferent sizes. "Is is too bip, or too small? 11 
How much too Mr (small) Is It?" Some 
children mipjht notice sizes on labels. 
"Which is'biRger? Size 2 or size 6?" (Sixes 
are tricky so don't emphasize them too much.) 
Encourage the use of terms other than "hip," 
or "small." 

Unit conversion using foot lenp.th and shoe sizes 

2- 4 Use a shoe store measure to measure feet, 

then try moasurinp feet In inches or centi- 
meters. Chart or Rraph the relationship 
between the two measures. 

House numbers as measurement s 

3- 6 See wh/it children can come up with be stu- 

dying the house numbers on their streets. 
Observations mitfht include: each is dif- 
ferent, they p;et birjter, (maybe) they in- 
crease in a regular vav, the first part 
of the number is the same for the whole 
block, in the next block the first part of 
the number changes, and the last part 
repeats. 

5-6 Older children can work with maps to dis- 

cover what relations house numbers have to 
layout of the city. (Tn Chicago the first 
part of the house number denotes number of 
blocks from the center of the city.) 

Me asurin g temperature 

1- 2 As children cone in from outdoors, discuss 

the temperature In their terms, (cold, hot, 
warm, freezing) Check the outdoor ther- 
mometer for temperature and match their 
description to the thermometer reading. 
When this 1s done and recorded over a number 
of weeks, the relationship between temp- 
erature and its measurement should become 
more comprehensible. 

Measuring heartbeats 

2- 4 Work in pairs, one uainp. a stethoscope 

to listen to the others heartbeat. Use 
a clock with a second hand to measure 
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heartbeats par minute, Try the exercise 
two or three times to see if numher of 
heartbeats per minute remains the sane 
from one minute to the next. When does 
rate of heartbeat change? What happens to 
the rate of heartbeat when you hop on one 
foot for a minute? 

Why do we use time and counting to measure 
heartbeat? What other things use time 
and something else in a measurement? 

Mcnsnri nn "mood " 

When children have hall lots of experience 
with more/less relationships and have worked 
with the number line, Ask: How many of you 
are happy? sad? Very happy? Very sad? So-so? 
Lets say "0" is very sad, "lO" is very happy. 
As the numbers pot larpcr they mean lass sad 
and more happy. Where would you place vour- 
self on the scale? Children can rate them- 
selves every day. Then talk about how their 
mood differed throughout the week, month. 

What makes this type of measurement differ- 
ent from others you know? When you rate 
yourself "6", does that mean you feel just 
as happy as someone else who rated himself 
"6 M ? Does "10" mean twice as happy as ,! 5 ,f ? 

Measuri ng tine 

Discuss the difference between a lonp. time 
and a short time, soon and later, etc. Why 
do we need a standard unit of time? What 
are some of the units we use for time? (days, 
weeks, hours, etc.) What are some of the 
things we use to help keep track of the time? 
(clock, calendar, sun, seasons) 

U sing: time and distance as a measure o f speed 

Run races and time them. At first children 
will probably specify a distance that is the 
same for every contestant. Later change 
the distance for some of the runners. Does 
time (number of minutes, seconds) still 
tell who was fastest? What do you need to 
kno»; besides time to measure speed? 

Manip ulating data gathered from time measurements in foot races 

Record sach students tfmc. See how many 
ways data can be used to convey something 
about the class. E.g., Use a bar graph 
to generate the running profile for 'the 
clas3. Separate data into tail-short 
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categories (dividing the class at the middle) 
•and compare profiles, averages, medians, etc* 
with that of: each other and the whole class. 

Measuring reaction time as an average 

3-6 (Students should feel comfortable with 

avcrar.es.) A p,roup of students holds hands 
in a circle. One 3tudcnt hoJds a stop watch 
in his left hand. As he startrf the watch 
with his ]cft hand, ho simultaneously uses 
his ripht hand to squeeze the hand of the 
person on his ripht. Thin person in turn 
squeezes the hand of the person on his 
ripht and so on until the last person stops 
the watch. Divide the total reaction time 
by the number of students, thus obtaining 
an average. Further variations mipht include 
reducing number of participants. What happens 
to the average? Other impulse-reaction sit- 
uations could be explored usinp. a single 
student or a proup. 

M easuring rate of growth 

2- 4 Plant seeds (use larp.c seeds - beans, 

popcorn, raw peanuts) in paper cups. Mien 
seeds have aproutcd, botjin taking measure- 
ments of height of plant at regular inter- 
vals - perhaps every two or three days. 
Measurements can be made with rulers, or 
strips of centimeter praph paper cut to 
plant height. Record each measurement:. 
Mow much did the plant prow in the first 
period? The second? etc, 

3- 4 Graph the results. Mote that graph 

should be a line praph since growth is 
continuous. 

Pervasiveness of in casure 

4- 6 Ash: What radio station do you listen to? 

Where do you find it on your dial? Whp.f: 
do those numbers mean? 

Measurement of price (price in hours worked, 
inflation and purchasing power through a 
comparison of incomes and cost of consumer 
p.oods in 1900 and today) 

7-8 The Sears 1902 catalog is a pood reference 

for cost of consumer poods at the turn of 
the century and is easily obtained through 
most bookstores. Income information can be 
gathered from history book? or government 
documents. For comparison, have a current 
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Soars catalog on hand, alone with current 
data concerning avcrapo incomes. After 
selecting items from both catalogs and 
comparing their prices, some of the 
following questions mir,ht be ashed: 
What is the cost of each in terms of work? 
(i.e., how long did a man have to work to 
buy a pair of shoes in 1900? Today?) 
How does the average workers purchasing power 
compare with that of the worker of 1900? 
Given the data, what can we say about in- 
flation? (How is the decline in the value 
of the dollar offset by the rise in 
incomes?) 
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Isaac AsJmov The Realm of Neasura (Fawcctt Co, Paperback) Very fine. 

Chapter 117 in M. Bel] Mathematical Uses and Models t n Our Everyday 
World (SMSG) 

David Creenhood M apping (U. of Chicago Press, Paperback). Find stuff 
on maps and mappinp, adaptable for younflsters from about 4th flrade on. 

Booklet ffJ6 of More T onics tn Mathematics for Kl, Teachers (NCTM Year- 
book 30 or 31) Hood down to earth discussion of measurement. See 
\Schultz for more detail. 

See Schultz for activities with hypsometer and other technical measuring 
devices for upper grades. 

Lauren Woodby San Pablo Bay activity . This is a nood one! See Schui tz 
for details. 

NOTE: Please share with us references to other good material you k.iov of 
especially material with fresh ideas.. 



An attachment to Appendix F has been 
omitted because print is not legible. 
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